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Abstract. We define a universal version of the Knizhnilt-Zamolodchikov-Bernard (KZB) 
connection in genus 1. This is a flat connection over a principal bundle on the moduli space 
of elliptic curves with marked points. It restricts to a fiat connection on configuration 
spaces of points on elliptic curves, which can be used for proving the formality of the 
pure braid groups on genus 1 surfaces. We study the monodromy of this connection and 
show that it gives rise to a relation between the KZ associator and a generating series 
for iterated integrals of Eisenstein forms. We show that the universal KZB connection 
realizes as the usual KZB connection for simple Lie algebras, and that in the sin case 
this realization factors through the Cherednik algebras. This leads us to define a functor 
from the category of equivariant D-modules on sin to that of modules over the Cherednik 
algebra, and to compute the character of irreducible equivariant D-modules over sin 
which are supported on the nilpotent cone. 
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Introduction 

The KZ system was introduced in [KZ] as a system of equations satisfied by correlation 
functions in conformal field theory. It was then realized that this system has a universal 
version ([Dr3]). The monodromy of this system leads to representations of the braid groups, 
which can be used for proving the that the pure braid groups, which are the fundamental 
groups of the configuration spaces of C, are formal (i.e., their Lie algebras are isomorphic 
with their associated graded Lie algebras, which is a holonomy Lie algebra and thus has an 
explicit presentation) . This fact was first proved in the framework of minimal model theory 
([Su, Ko]). These results gave rise to Drinfeld's theory of associators and quasi-Hopf algebras 
([Dr2, Dr3]); one of the purposes of this work was to give an algebraic construction of the 
formality isomorphisms, and indeed one of its by-products is the fact that these isomorphisms 
can be defined over Q. 
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In the case of configuration spaces over surfaces of genus > 1, similar Lie algebra iso- 
morphisms were constructed by Bezrukavnikov ([Bez]), using results of Kriz ([Kr]). In this 
series of papers, we will show that this result can be reproved using a suitable flat connec- 
tion over configuration spaces. This connection is a universal version of the KZB connection 
([Bel, Be2]), which is the higher genus analogue of the KZ connection. 

In this paper, we focus on the case of genus 1. We define the universal KZB connection 
(Section 1), and rederive from there the formality result (Section 2). As in the integrable 
case of the KZB connection, the universal KZB connection extends from the configuration 
spaces C{Er,n)/Sn to the moduli space of elliptic curves with n unordered marked 

points (Section 3). This means that: (a) the connection can be extended to the directions 
of variation of moduli, and (b) it is modular invariant. 

This connection then gives rise to a monodromy morphism 7„ : [„] G„ xi Sn, which 
we analyze in Section 4. The images of most generators can be expressed using the KZ 
associator, but the image & of the >S-transformation expresses using iterated integrals of 
Eisenstein series. The relations between generators give rise to relations between 6 and the 
KZ associator, identities (28). This identity may be viewed as an elhptic analogue of the 
pentagon identity, as it is a "de Rham" analogue of the relation 6 AS in [HLS] (in [Ma], the 
question was asked of the existence of this kind of identity) . 

In Section 5, we investigate how to algebraically construct a morphism [„] G„ x Sn- 

We show that a morphism Bi.„ cxp(ti.„) x: Sn can be constructed using an associator 
only (here Bi^„ is the reduced braid group of n points on the torus). [Dr3] then implies 
that the formality isomorphism can be defined over Q. In the last part of Section 5, we 
develop the analogue of the theory of quasitriangular quasibialgebras (QTQBA's), namely 
elliptic structures over QTQBA's. These structures give rise to representations of Bi_„, and 
they can be modified by twist. We hope that in the case of a simple Lie algebra, and using 
suitable twists, the elliptic structure given in Section 5.4 will give rise to elliptic structures 
over the quantum group Uq{Q) (where g S C^) or over the Lusztig quantum group (when q 
is a root of unity), yielding back the representations of Bi,„ from conformal field theory. 

In Section 6, we show that the universal KZB connection indeed speciahzes to the ordinary 
KZB connection. 

Sections 7-9 are dedicated applications of the ideas of the preceding sections (in particular. 
Section 6) to representation theory of Cherednik algebras. 

More precisely. In Section 7, we construct a homomorphism from the Lie algebra ti,„ x 
to the rational Cherednik algebra Hn{k) of type This allows us to consider the 

elliptic KZB connection with values in representations of the rational Cherednik algebra. 
The monodromy of this connection then gives representations of the true Cherednik algebra 
(i.e. the double affine Hecke algebra). In particular, this gives a simple way of constructing 
an isomorphism between the rational Cherednik algebra and the double afHne Hecke algebra, 
with formal deformation parameters. 

In Section 8, we consider the special representation Vn of the rational Cherednik algebra 
H,i{k), k = N/n, for which the elliptic KZB connection is the KZB connection for (liolo- 
morphic) n-point correlation functions of the WZW model for SLAr(C) on the elliptic curve, 
when the marked points are labeled by the vector representation C^. This representation is 
realized in the space of equivariant polynomial functions on sIn with values in (C-'^)®", and 
we show that it is irreducible, and calculate its character. 

In Section 9, we generalize the construction of Section 8, by replacing, in the construction 
of Vat, the space of polynomial functions on slv with an arbitrary D-module on si^ ■ This 
gives rise to an exact functor from the category of (equivariant) D-modules on bIn to the 
category of representations of Hn{N/n). We study this functor in detail. In particular, we 
show that this functor maps -D-modules concentrated on the nilpotent cone to modules from 
category ©_ of highest weight modules over the Cherednik algebra, and is closely related 
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to the Gan-Ginzburg functor, [GGl]. Using these facts, we show that it maps irreducible 
-D-modules on the nilpotent cone to irreducible representations of the Cherednik algebra, 
and determine their highest weights. As an application, we compute the decomposition 
of cuspidal Z?-modulcs into irreducible representations of SLjv(C). Finally, wc describe 
the generalization of the above result to the trigonometric case (which involves i?-modules 
on the group and trigonometric Cherednik algebras), and point out several directions for 
generahzation. 

1. Bundles with flat connections on (reduced) configuration spaces 

1.1. The Lie algebras ti,„ and ti,„. Let n > 1 be an integer and k be a field of charac- 
teristic zero. We define ^ as the Lie algebra with generators Xi,yi {i = l,...,n) and Uj 

7^ J G {!) ■■■■>'n}) and relations 

tij = tji, [tij, tik +tjk] = 0, [tijjtki] = 0, (1) 
~ tij, [xi,Xj] = [yi,yj] = 0, = ^ ] tij, 

[xi,tjk] = [yi,tjk] = 0, [xi + Xj,tij] = [vi + Vj, tij] = 0. 
(i, J, k, I arc distinct). In this Lie algebra, Xi and yi are central; we then define ^ ^ := 
^,nl^iXi^Y.iyi)- Both t5'„ and t5'_„ are positively graded, where deg(xi) = Aeg(yi) = 1. 

The symmetric group Sn acts by automorphisms of „ by a{xi) := x^(^i), a{yi) := ycr{i), 
c{tij) '■= tcr(i)a{j) \ this induces an action of Sn by automorphisms of „. 

We will set ti_„ := tj'^, ti,„ := in Sections 1 to 4. 

1.2. Bundles with fiat connections over C{E,n) and C{E,n). Let E be an ellip- 
tic curve, C{E,n) be the configuration space E'^ — {diagonals} (n > 1) and C{E,n) := 
C{E,n)/E be the reduced configuration space. We will define a^ exp(ti^„)-principal bundle 
with a flat (holomorphic) connection {pE,n,^ E.n) C{E, n). For this, we define a exp(ti_„)- 
principal bundle with a flat connection {PE.n, ^ E.n) C{E. n). Its image under the natural 
morphism exp(tn) exp(t„) is a exp(ti,„) -bundle with connection {PE,n,VE,n) C{E,n), 
and we then prove that (Pg^n, V_B,ra) is the pull-back of a pair {PE,n, Vb,™) under the canon- 
ical projection C{E,n) — > C(E,n). 

For this, we fix a uniformization E ~ Et, where for r G ^, ^ := {r G C|3(t) > 0}, 
Er := C/Ar and Ar:=Z + Zr. 

We then have C{Er,n) = (C" - Diag„^)/A!^, where Diag„^ := {z = (zi,...,z„) G 
C^\zij := Zi — Zj € At- for some i ^ j}. We define P^.n as the restriction to C{ET,n) of 
the bundle over C^/A" for which a section on f7 C C"/A" is a regular map / : -!t~^{U) — > 
exp(ti,„), such that^ /(z + S^) = /(z), /(z + tS^) = e-2'^'^'/(z) (here tt : C" ^ C"/A^ is 
the canonical projection and Si is the ith vector of the canonical basis of C"). 

The bundle Pr,n — * C {Er , n) derived from Pr^n is the pull-back of a bundle Pr^n — * 
C{ET,n) since the e~^'^'^* e exp(ti^„) commute pairwise and their product is 1. Here x x 
is the map ti,„ 

A flat connection VT,n on Pr.n is then the same as an equivariant flat connection over the 
trivial bundle over C" — Diag„ ^, i.e., a connection of the form 

n 

VT,n := d-^Ki{z\T)dZi, 

i=l 

where Ki{—\T) : C" — > ti,n is holomorphic on C" — Diag„ ^, such that: 

^We will denote by g or g'"" the degree completion of a positively graded Lie algebra g. 
^We set i := v^— T, leaving i for indices. 
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(a) K,{z + 5,\t) - K,{2.\t), K,{z + tS,\t) = e-2--<i(-^)(i^,(z|r)), 

(b) [d/dzi — Ki{z\T),d/dzj — Kj{z\T)] = for any 

Vr,n then induces a fiat connection Vr,n on Pi-,n- Thien Vr,n is the pull-baclc of a (neces- 
sarily fiat) connection on Pi-.n iff: 

(c) K,{z\t) = K,{z + S,)\t) and E« K,{z\t) = for z e C" - Diag„^,, u e C. 

In order to define the ifi(z|r), we first recall some facts on theta-functions. There is a 
unique holomorphic function C x Sj ^ C, {z,t) i-^ (^{z\t), such that {z|0(2;|t) = 0} = A,-, 
9{z + 1\t) = -e{z\T) = ei~z\T) and e{z + t\t) = -e-'''^e-2'^'^6'(z|r), and 6'^(0|t) = 1. 
We have e{z\T + I) = 6'(z|r), while 6»(-0/r| - 1/t) = -(l/r)e("'/^)^'6'(z|T). If r?(r) = 
9^^^^nn>i(l - 9") where g = e^'^'^, and if we set 'd{z\T) := r){T)^e{z\T), then 9^1? = 
(l/47ri)6fi?. 

Let us set 

When T is fixed, k{z, x\t) belongs to Hol(C — A^)[[.t]]. Substituting x = a.dxi, we get a linear 
map ii^n 

(g) Hol(C - At-))^, and taking the image of tij, we define 

^, / , N , , N /0(z + ad(xi)\T) ad(xi) >. . 

K,Mr) := M^,ad..|r)fe-) = ( eiz\r) ei^ixl^lr) " ^)(^^-)' 

it is a holomorphic function on C — A^ with values in 
Now set z := (^i, . . . , Zn), Zij := 2;^ — zj and define 

-^i(z|T) := -Vi + ^ i<:ij(2;ij|T). 

Let us check that the Ki{z\T) satisfy condition (c). We have clearly Ki{z + u{J2i ^i)) = 
Ki{z). We have a;|r)-|-fc(— z, — a;|r) = Q,so Kij{z\T)+Kji{—z\T) = 0, so that -?^j(z|T) = 
- Y.I Vii which implies J2i = 0. 

Lemma 1.1. K^{z + SjIt) = K,{z\t) and K^{z + t6j\t) = e-^''''''^''^{K,{z\T)), i.e., the 
Ki{z\T) satisfy condition (a). 

Proof. We have k{z±l,x\T) = k{z,x\T) so for any Ki{z+dj\T) = Ki{z\T). We have k{z± 

T,x\t) = eT2-i-fc(z, x\t) + (eT2-i- _ l)/^, so if j ^ i, Ki{z + T5j\T) = T.j'^i,j Kij'{Zij,\T) + 

e2--d-^i^,,.(^,,.|r) + ^l^^^itij) - y,. Then 

p27T i ad Xi 1 1 „— 27riadxj 

-(*^.) = — fe) = (1 - e-'"'^'^^0(2/.), 



ad Xi ad x 
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^-■^-''-^{K,,{z,,\t)) = e-^^'-''-^iKij{zij\T)) and fori' hj, Kij,{ziy\T) = e-^^-d., (^.^., (, 
so K,{z + Tdj\T) = e-2'^'^<i^^(ii'i(z|T)). 

mw Ki{z+TSi\r) = -j:iyi-j:j\j^iKj{z+rSi\T) = - Ei yi-e-'^'^'^^^CEiii^i ^i(z|T)) 

p-2^i^dx,.(^_Y^^y^ _ Y,j\j-i,Kj{z\T)) = e-2Triadi;,,^^(-2|^) (^j^g fl^-g^ ^nd last equality follow 

from the proof of (c), the second equality has just been proved, the third equality follows 
from the centrality of Ej Vi)- ^ 

Proposition 1.2. [d/dzi — Ki{z\T),d/dzj — Kj{z\T)] =0, i.e., the Ki{z\T) satisfy condition 
(h). 

Proof. For i ^ j, let us set Kij := Kij[zij\T). Recall that Kij + Kji = 0, therefore if 
di := d/dzi 

diKij - djKji = 0, [yi - Kij , yj - Kji] = - [Kij , yi + yj] . 
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Moreover, if i,j, k, I are distinct, then [Kik, Kji] = 0. It follows that if i ^ j, 
[di-Ki{z\r),dj-Kj{z\T)] 

= [Vi + Vj, Kij] + ^ {[Kik, Kjk] + [Kij,Kjk] + [Kij,Kik] + [yj,Kik] - [yi, Kjk\) ■ 

Let us assume for a while that if A; {hi}, then 

- [yi,Kjk] - [yj, Kki] - [yk, Kij\ + [Kj„Kki] + [Kkj,Kij\ + [K,k,Kjk\ = (2) 

(this is the universal version of the classical dynamical Yang-Baxter equation) . 
Then (2) implies that 

[di - Ki{2.\T), dj - Kj{2\T)] = [yi + yj, Kij] + ^ [yk, Kij] = yk, Kij] = 

k\kjti,j k 

(as YlikVk is central), which proves the proposition. 
Let us now prove (2). If f{x) e C[[a;]], then 

[yk,mxi){U,)\ = fJ^^^Azlt^i^tkuU,], 

\n, f(.An-\(+ M_ /(ada:j)-/(-adxfc) ^ ^ _ /(ada:^) - /(adx, + adxj) ^ 
[yi,}[&dxj){tjk)\ = ado: - + adxfc *J*^J T^^j^T [-*u>*jfeJ> 

[yj,f{aAxk){tki)] = ada-fc + ada;- *'^'] = ^ Z^^: ^ -[-tjk,tki\ 

The first identity is proved as follows: 

n— 1 n— 1 

[yk, (adx•0"(^^J)] = - ^(ada;,)^(adifc,)(adx,)"-'-'(ti,) = - 5^(adx,)'(ad<fei)(-ad:r,)"-i-^ 

n-1 

= - y^(adxj)^(-ada;j)"~^~^(adtfci)(t»j) = /(adxj, -adxj)([-tfci, iij]), 

s=0 

where f{u,v) = {u" — v")/{u — v). The two next identities follow from this one and from 
the fact that Xi + xj + Xk commutes with tij,tik,tjk. 

Then, if we write k{z,x) instead of k{z,x\T), the l.h.s. of (2) is equal to 

^ k^Zj)^^ ctdiZ/j') k{^Zj)c ^ cidii'j ~|~ cidit^j) k(^Z'if^ ^ cidiZ/^^ k{^Z'ij^ cidiZ'^ ~|~ Sidji/j^ 



adxj adxj 



k(^Zij , Qidxi^ ki^Zjj, adxj) 



adxi + adxj 

So (2) follows from the identity 

k{z, —v)k{z', u + v) — k{z, u)k{z' — z,u + v) + k{z', u)k{z' — z, v) 

k{z' — z,v) — k{z' — z,u + v) k{z' ,u) — k{z' ,u + v) k{z,u) — k{z,—v) 
H h ' 0, 

u 1' u + V 

where u, v arc formal variables, which is a consequence of the thcta-functions identity 
^k{z, -v) - {kiz', u + v) + ^) - {k{z, u) + ^) {k{z' -z,u + v) + ^) 

+ {k{z',u) + ^){k{z' -z,v)+'^)=Q. (3) 

□ 

We have therefore proved: 
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Theorem 1.3. iPT,n,'^T.n) is aflat connection on C'{Er,n), and the induced flat connection 
(-Pr.ri) Vr,n) is the pull-hack of a unique flat connection (-Pr.n, Vr,n) on C{Er,n). 

1.3. Bundles with flat connections on C{E,n)/Sn and C(E,n)/Sn. The group Sn acts 
freely by automorphisms oi C{E,n) by (7(zi, z„) := (zo--i(i), This descends 
to a free action of 5„ on C{E, n). We set C{E, [n]) := C{E, n)/Sn, C{E, [n]) := C{E, n)/Sn. 

We will show that (fr,n,Vr,n) induces a bundle with flat connection (-PT,[n]) V^,[„]) on 
C{Er.,[n]) with group cxp(ti,„) xi Sn, and similarly {PT,ni^ T,n) induces (-PT,[n], V,-,[n]) on 
C{Et, [n]) with group cxp(ti^„) >^ 5„. 

We deflne Pr.[n\ C{Er, [n]) by the condition that a section of [/ C C{Et, [n]) is a regular 
map 7r~^(J7) cxp(ti,„) x Sn, satisfying again /(z + Hi) = f{z), /(z + tS^) = e~^'"^*/(z) 
and the additional requirement /(ctz) = tT/(z) (where tt : C" — Diag^ „ C{Et, [n]) is the 
canonical projection). It is clear that Vt.w is Sn-invariant, which implies that it defines a 
fiat connection Vt-j„] on C{Er, [n]). 

The bundle P{Er, [n]) C{Et, [n]) is defined by the additional requirement /(z + 
5i)) = /(z) and Vx,n then induces a flat connection Vxj„] on C{Et, [n]). 

2. Formality of pure braid groups on the torus 

2.1. Reminders on Malcev Lie algebras. Let k be a field of characteristic and let Q be 
a pronilpotent k-Lie algebra. Set = g, 0*^+^ = [0,0*^]; then g = D g^... is a decreasing 
filtration of g. The associated graded Lie algebra is gr(g) := ®fe>ig'^/g'^^^; we also consider 
its completion gr(g) := ®/c>ig'^/g'^^^ (here ® is the direct product). We say that g is formal 
iff there exists an isomorphism of filtered Lie algebras g ~ gr(g), whose associated graded 
morphism is the identity. We will use the following fact: if g is a pronilpotent Lie algebra, 
t is a positively graded Lie algebra, and there exists an isomorphism g ~ t of filtered Lie 
algebras, then g is formal, and the associated graded morphism gr(g) — > t is an isomorphism 
of graded Lie algebras. 

If F is a finitely generated group, there exists a unique pair (F(k),ir) of a prounipotent 
algebraic group r(k) and a group morphism ir : F — > r(k), which is initial in the category 
of all pairs {U,j), where U is prounipotent k-algebraic group and j : F — > [/ is a group 
morphism. 

We denote by Lie(F)k the Lie algebra of F(k). Then we have r(k) = exp(Lie(F)k); Lie(r)k 
is a pronilpotent Lie algebra. We have Lie(F)k = Lie(F)Q (8) k. We say that F is formal iff 
Lie(F)c is formal (one can show that this implies that Lie(F)Q is formal). 

When F is presented by generators gi,...,gn and relations Ri{gi, Qn) (i = l,...,p), 
Lic(F)Q is the quotient of the topologically free Lie algebra f„ generated by 71, ...,7n by the 
topological ideal generated by \og{Ri{e'^^ , ...,e'''")) (i = 1, ...,p). 

The decreasing filtration of f„ is f„ = (f„)^ D (fn)^ 3 where (fn)'^ is the part of f„ of 
degree > fc in the generators 71, ...,7„. The image of this filtration by the projection is map 
is the decreasing filtration Lic(F)Q = Lie(F)Q D Lic(F)Q D ... of Lic(F)Q. 

2.2. Presentation of PBi^„. For t G ^3, let Ut C C" — Diag„ be the open subset of all 
z = (zi, .... Zn), of the form Zi = ai + rbi, where < ai < ... < a„ < 1 and < 61 < ... < 
bn < 1- If zo = {zi,...,Zn) € Ur, its image zq in E^ actually belongs to the configuration 

space C{Er. n). 

The pure braid group of n points on the torus PBi^„ may be viewed as PBi^„ = 7ri(C(i<^T, J^), zq). 
Denote by X^, 1^ S PBi_„ the classes of the projection of the paths [0, 1] 9 f 1— > zq — t6i and 

[0, 1] 9 t zo — trSi. 

Set Ai := Xi...Xn, Bi := Yt...Yn for i — l,...,n. According to [Bil], At,Bt {i = l,...,n) 
generate PBi,„ and a presentation of PBi,„ is, in terms of these generators: 

{Ai, Aj) = {Bi, Bj) = 1 (any {AuBj) = {Bi, Aj) = 1 (any j). 
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{Bk, AkAT^) = {BkBr\ Ak) = Cjk {j < k), {At, Cjk) = {Bt, Cjk) = I {i < j < k), 
where {g,h) = ghg~^h~^. 

2.3. Alternative presentations of ti.„. Wc now givo two variants of the defining presen- 
tation of ti,„. Presentation (A) below is the original presentation in [Bez], and presentation 
(B) will be suited to the comparison with the above presentation of PBi^„. 

Lemma 2.1. ti,„ admits the following presentations: 

(A) generators are Xi, yi (i = l,...,n^, relations are [xi,yj] = [xj,yi] (i ^ j), [xi^xj] = 
[yi,yj] = (any ij), [Ej^j^yil = [Ejyj^Xi] = O (any i), [xi,[xj,yk\] = [yi,[yj,Xk]\ = 
(i,j,k are distinct); 

(B) generators are cii, hi (i = l,...,n), relations are [ai,aj] = [bi,bj] = (any 
[ai,bj] = [bi,aj] = (any j), [aj,bk] = [ak,bj] (any [ai,Cjk] = [bi,Cjk] =0 (i < j < k), 
where cjk = [bk,ak - aj]. 

The isomorphism of presentations (A) and (B) is Ui = Yljj=i^j! — Y^^^iVj- 

Proof. Let us prove that the initial relations for Xi,yi,tij implj' the relations (A) for 
Xi,yi. Let us assume the initial relations. If i ^ j, since [xi,yj] = tij and tij = tji, we get 
[xi,yj] = [xj,yi]. The relations [xi,Xj] = [yi,yj] = (any are contained in the initial 
relations. For any i, since [x^^yi] = -J^jy^i'^v and [xj,yi] = tj^ = tij (j ^ i), we get 
Ej^ji2/i] =0- Similarly, =0 (foranyi). If /c are distinct, since [xj,yk] =tjk 

and [xi.,tjk] = 0, we get [xi, [xj,yk^ = and similarly we prove [xi, [yj,Xk\] = 0. 

Let us now prove that the relations (A) for Xi,yi imply the initial relations for Xi,yi and 
tij := [xi,yj] {i ^ j). Assume the relations (A). If i ^ j, since [xi,yj] = [xj,yi], we have 
tij = tji. The relation tij = [xi,yj] {i ^ j) is clear and [xi,Xj] = [yi,yj] = (any are 
already in relations (A). Since for any i, [J^j^j^y'.] = 0) we get [xt,yi] = -J^ji^^il^j^y-i] = 
~J2j\j^itji = -^J2j\j^itij- lii,j,k are distinct, the relations [xi,[xj,yk]] = [2/i, a;^]] = 

imply [xi,tjk] = \jji,tjk] =0. If z ^ j, since [J2k^k,Xi] = [J^k^k.yj] = 0, we get 
Efe^fc'^y] = ^ ^^'^ [xk;tij] = for k ^ {«,.?} then implies [xi +Xj,tij] = 0. One proves 
similarly [yi + yj,tij] = 0. We have already shown that [xi,tki] = [yj,tki] = for i,j,k,l 
distinct, which implies [[xi,yj],tki] = 0, i.e., [tij,tki] = 0. If i,j,k are distinct, we have 
shown that [ty , j/fe] = and [tij,Xi + Xj] = 0, which implies [tij,[xi + Xj,yk]] = 0, i.e., 

[tij^tik ~\~ tjk] ~ 0* 

Let us prove that the relations (A) for Xi,yi imply relations (B) for := X]J=i^i) 
bi ■■= YJj^iVj- Summing up the relations [xi',Xji] = [yi',yj'] = and [xi>,yj>] = [xj',yi'] for 
i' = i, n and j' = j, n, we get [a^, aj] = [bi, bj] = and [oj, bj] = [aj, bi] (for any 
Summing up [J2jXj,yi'] = [J2jVj^Xt,] = for i' = i,...,n, we get [ai,bi] = [ai,bi] = (for 

any i). Finally, Cjk = Sa=j S/3=fe ^"/^ (^^ terms of the initial presentation) so the relations 
[xi' , taf}] = for i' ^ a,(i and [xa + Xf}., ta/3] = imply [aj, Cjk] = for i < j < k. Similarly, 
one shows [bi, Cjk] =0 for i < j < k. 

Let us prove that the relations (B) for ai,bi imply relations (A) for Xi := ai — aj+i, 
yi := bi — bi+i (with the convention a„+i = 6„+i = 0). As before, [ai,aj] = [bi,bj] = 0, 
[ai,bj] = [aj,bi] imply [xi,Xj] = [yt,yj] = 0, [xi,yj] = [xj,yi] (for any i.j). We set := 
[xi, j/j] for z 7^ j, then wehave =iji- Wehaveforj <k,tjk = Cjk-Cj,k+i-Cj+i^k+Cj+i,k+i 
(we set Ct^n+i ■■= 0), so [ai,c^k] = implies Ei'=i a^iS ^jfc] = ^ for i < j < k. When 

1 < j < k, the difference between this relation and its analogue of (i + 1, j, k) gives [xi,tjk] — 
for i < j < k. This can be rewritten [xi, [xj, ?/fc]] = and since [a;i,a;j] = 0, we get 
[Xj, [ccj, j/fe]] = 0, so [xj,tik] = and by changing indices, [xi,tjk] = for j < i < k. 
Rewriting again [xi,tjk] = for i < j < k as [xi,[yj,Xk]] = and using [a;j,a;fc] = 0, we 
get [xk, [xi,yj]] = 0. i.e., [xk,tij] = 0, which we rewrite [xi,tjk] = for j < k < i. Finally, 
[xi,tjk] = for j < fc and i ^ {j,k}, which impHes [xi,tjk] = for i,j,k different. One 
proves similarly [yi,tjk] = for i,j,k different. □ 
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2.4. The formality of PBi^„. The fiat connection d — Y^^=iKi{z\T)dZi gives rise to a 
monodromy representation /izo,r : PBi,„ = 7ri(C,zo) — > exp(ti„), which factors through 
a morphism /iz(,^^(C) : PBi^„(C) exp(ti_„). Let Lie(/Xzo_^) • Lie(PBi_„)c ti_„ be the 
corresponding morphism between pronilpotent Lie algebras. 

Proposition 2.2. Lie(/izo,r) is an isomorphism of filtered Lie algebras, so that PBi „ is 
formal. 

Proof. As we have seen, Lic(PBi_„)c (denoted Lic(PBi^„) in this proof) is the quotient 
of the topologically free Lie algebra generated by ai^fii {i — 1, n) by the topological ideal 
generated by [a^.a,], [/?i,a,-], log(e'5s e«'=-«0 - log(e'''=-''^ e"''), [ai,7jfc], 

[Pi,ljk] where -/jk = log(pA , e""""' )• 

This presentation and the above presentation (B) of ti,„ imply that there is a morphism of 
graded Lie algebras p„ : ti,n grLie(PBi^„) defined by Oj ^—^ [a,], bi i— > \j3i], where a i— > [a] 
is the projection map Lie(PBi^„) — > gr;^ Lic(PBi^„). 

Pn is surjective because grLieF is generated in degree 1 (as the associated graded of any 
quotient of a topologically free Lie algebra) . 

There is a unique derivation Aq € Der(ti,„), such that A(){xi) = yi and AoiVi) = 0. This 
derivation gives rise to a one-parameter group of automorphisms of Der(ti „), defined by 
exp(sAo)(a;i) := Xi + syi, exp(sAo)(yi) = t/j. 

Lie(/iz(,,T-) induces a morphism gr Lie(/izo,r) '■ grLie(PBi^„) — > ti^„. We will now prove 
that 



where w is the automorphism of ti,„ defined by w{ai) = —bi, w{bi) = 27riaj. 

is defined as follows. Let -Fzo(z) be the solution of {d/dzi)F2;g{z) = Ki{z\T)Fzg{z), 
Fzaizo) = 1 on Ur', let := {z = (zi, z„)|zi = + T&i,0 < ai < ... < a,, < 1} and 
Vt := {z = {zi, ...,Zn)\zi = ai + Tbi,0 < bi < ... < bn < 1}; let and F^^ be the analytic 
prolongations of F^g to Hr and Vt ; then 



We have logFzj,(z) = —^i{zi — z^)yi + terms of degree > 2, where ti_„ is graded by 
deg(xi) — c\cg{yi) = 1, which implies that \og iJizg^r(Xi) = —yi + terms of degree > 2, 
\ogHza,T{y-i) = 2nixi-Tyi + terms of degree > 2. Therefore Lie(^zo,i-)(ai) = log/Ltzo,T(>li) = 
—bi + terms of degree > 2, Lic(,Uzo,T)(/3i) = log/izo, T(-Bi) = 27riai — rftj + terms of degree 
> 2. So grLie(/Zzo,T)([ai]) = -6^, grLie(y^zo,T)([A]) = 27riai - r^j. 

It follows that gr Lie(/Uzo,r) is the endomorphism —bi, bi^—^ 2Triai — rbi of ti,„, 
which is the automorphism exp(— j^Aq) o w; this proves (4). 

Since we already proved that Pn is surjective, it follows that grLic(/iz,-,.i-) and Pn are 
both isomorphisms. As Lie(PBi^„) and ti_„ are both complete and separated, Lie(yLtzo,T) is 
bijective, and since it is a morphism, it is an isomorphism of filtered Lie algebras. □ 

2.5. The formality of PBi^„. Let Zq G Ur and [zq] G C{ET,n) be its image. We set 
PBi,„ := ■7ri(C'(S^,n), [zo]). Then PBi,„ is the quotient of PBi,„ by its central subgroup 
(isomorphic to I?) generated by Ai and Bi. We have yUzo,T(^i) = e~^>^' and /izo,r(-Bi) = 
g27r 1 aji-rX]; yi ^ go Lie(/Xzo,T)(ai) = —di, Lie(/Xzo,T)(/3i) = 27riai — r6i, which implies that 
Lie(/izo,r) induces an isomorphism between Lie(PBi^„)c and ti,„. In particular, PBi^„ is 
formal. 

Remark2.2,. Let Diag„ :={(z,r) G C" x ^|z e Diag„^} and let f7 C (C"'x^)-Diag„ be the 
set of all (z, r) such that z G [/t- Each element of U gives rise to a Lie algebra isomorphism 
^z,T '■ Lie(PBi^„) ~ ti „. For an infinitesimal (dz,dT), the composition Mz+dz.T+dr ° l^zl 
is then an infinitesimal automorphism of ti,„. This defines a fiat connection over U with 




(4) 



F,^(z + 5,) = f'zo(zKo,r(Xi) 



FY,{z + T5i) = F^^{z)^,^,,T{Yi). 
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values in the trivial Lie algebra bundle with Lie algebra Dcr(ti^„). When clr = 0, the 
infinitesimal automorphism has the form exp(^^ Ki(z\T)dZi), so the connection has the form 
d — ^^ad{Ki{z\T))dZi — A(z|T)dr, where A : U —^ Der(ti_„) is a meromorphic map with 
poles at Diag„. In the next section, we determine a map A : (C" x Sj) — Diag„ Der(ti^„) 
with the same flatness properties as A(z|t). 

2.6. The isomorphisms Bi_„(C) ~ cxp(ti_„) >^ Sn, Bi,„(C) ^ cxp(ti_„) x Sn- Let Zq be as 
above; we deflne Bi „ := 7ri(C(i?i-, [n]), [zq]) and Bi,„ Tri{C{Er, [n]), [zg]), where x ^—^ [x] 
is the canonical projection C{ET,n) C{Et-, [n]) or C{Er,n) C(Er, [n]). 

Wc have an exact sequence 1 — > PBi^„ Bi.„ Sn 1, Wc then define groups 
Bi.n(C) fitting in an exact sequence 1 PBi.„(C) Bi,„(C) ^ S'n ^ 1 as follows: the 
morphism Bi,„ Aut(PBi^„) extends to Bi_„ Aut(PBi^„(C)); we then construct the 
semidirect product PBi,„(C) x Bi,„; then PBi,„ embeds diagonally as a normal subgroup of 
this semidirect product, and Bi,„(C) is defined as the quotient (PBi^„(C) x Bi,„)/PBi^„. 

The monodromy of VT-,[n] then gives rise to a group morphism Bi^„ exp(ti,„) x Sn, 
which factors through Bi_„(C) — > exp(ti,„) x 5„. Since this map commutes with the natural 
morphisms to Sn and using the isomorphism PBi^„(C) ~ exp(ti_„), we obtain that Bi_„(C) — > 
exp(li^„) X Sn is an isomorphism. 

Similarly, starting from the exact sequence 1 — > PBi^„ —^ Bi^„ ^ 5„ — > 1 one defines a 
group Bi^„(C) fitting in an exact sequence 1 — > PBi^„ — > Bi^„(C) — > — > 1 together with 
an isomorphism Bi_„(C) — > exp(ti,„) x Sn- 

3. Bundles with flat connection on Mi^n and A^i,[„] 

We first define Lie algebras of derivations of ti_„ and a related group G„. We then define 
a principal G„-bundle with fiat connection of and a principal G„ x ^n-bundle with fiat 

connection on the moduli space A4ij„] of elliptic curves with n unordered marked points. 

3.1. Derivations of the Lie algebras and and associated groups. Let 5 be 

the Lie algebra with generators Ao,d,X and S2m {'m> 1), and relations: 

[d, X] = 2X, [d, Ao] = -2Ao, [X, Ao] = d, 

[S2m, X] = 0, [d, 52m] = 2m52m, ad(Ao)2'»+l {52m) = 0- 

Proposition 3.1. We have a Lie algebra morphism — > Der(ti,„), denoted by ^, such 
that 

d{xi) = Xi,d{yi) = -yi,d{tij) = 0, X{xi) = 0,X{y,) = Xi,X{t,j) = 0, 
Mxi) = Vi, MVi) = 0, Ao(iy) = 0, 

52m{3:i) = 0,52m{Uj) = [tij,{^^^i)^"^itij)]^^2m{yi) = X] ^ [{a.d Xif (tij) , {- &d X^Y 

p+g=2m— 1 

This induces a Lie algebra morphism 5 — > Der(ti,„). 

Proof. The fact that Ao,rf, X are derivations and commute according to the Lie bracket 
of is clear. 

Let us prove that 52m is a derivation. We have 52m{Uj) = [Uji^i<^j{&dxiY™'{tij)], which 
implies that 52m preserves the infinitesimal pure braid identities. It clearly preserves the 
relations [xi,Xj] = 0, [xi,yj] = tij, [xk,tij] = 0, [xi +Xj,tij] = 0. 
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Let us prove that 52m preserves the relation [UkjUj] = 0. 
[S2m{yk),Uj] = ^ XI (-l)'[[(ada;/c)^(tfei), (ada;fe)«(ifei)] + [{a.dx kY{tkj), {a.dx ky{tkj)],tij] 

p-\-q=2m—l 

= \ (-1)'+M[(ada;fcr(%), {^dxkY^t^j)] + [(adx^f (tfc,), (ada;fe)9(ifei)],*ii] 

p+Q— 2m — 1 

= X (-l)«+i[[(adxfcf(fe).(ada;fe)«(tfc,-)].iu] = fe, E (-lF(ada;if (adx,)«([tfci,tfc,])]. 

p+g— 2m — 1 p+q"— 2m— 1 

On the other hand, \ykM'm{U3)\ = bfe, [^y, (ada;i)2'"(ty)]] = [i^, [t/fe, (ada;i)2'"(ty )]]. Now 

a+f3=2m-l 

= - Y (ada:;i)"[tfci, (-adxj)^(tij)] = - ^ (ada;i)"(-adxjy([tfei, i^]) 

c«+/3=2m-l a+/3=2m-l 

= E (-l)P+i(ada;ir(ada;,)«([ffei,tfc,]). 

p+q=2m— 1 

Hence [^2m(yfe), iij] + [yfe, ^2m(iu)] =0. 

Let us prove that 52m preserves the relation [y,, yj] = 0, i.e., that [hmiyi), yj]+[yi, 52m{yj)] 

We have 

[yiJ2m{yj)] = l[y^, ^ (-l)n(ada;,r(i,0, (adx,)«(t,0]] 

p+g=2m— 1 

+ ^ E [2^- E (-l)'[(ada;.-r fe/t), (ada:,)'(i,-,)]]. 

k^ij p+g=2m— 1 

Now 

^[2/., E (-l)n(adx,r(^,.),(adx,r(^,0]]-(^-j) (5) 

p+g=2m— 1 

= -^bi + E (-l)«[(ada;,r(i,,), (ada;,)''(i,,)]] 

p+g— 2m — 1 

= E {-ir^'{[yi + yj,i^dxir{tij)],{^dxiy{uj)]. 

p+q=2m — 1 

A computation similar to the above computation of [yk, {a,dxi)'^"'-{tij)] yields 
[yi + (adxi)^(ii,)] = (-If E i(adxfc)«(iife), (ada;,)''(i,fc)], 

a+/3— p— 1 

SO 

(5)= E [(ada:i)"(ii,),[(ada;fe)'5(tife)>(ada:jrfefe)]]- 

a+/3+7=2m-2 

If now fc ^ i,j, then 

bi.^ E (-l)*[(adx,r(t,,),(adx,)'(t,,)]] = E (-l)n[y.,(adx,)P(i,fe)],(adx,)'(t,,)]. 

p+g=2m— 1 p+g=2m— 1 
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As we have seen, 

a+/3=p-l 

So we get 

p+g— 2m — 1 

[[{&dxir{tij),{<idxkf{tik)],{a.dxjr{tjk)] 

a+/3+7=2m,-2 

therefore 

[yu \ E (-l)''[(ada;,rfe,), (adx,r(t,fe)]] - (i ^ j) 

p+g— 2m — 1 

= ^ [(ada;i)"(tij),[(ada;fe)''(tjfe),(ada;j)^(ijfc)]]- 

a+/3+7=2m-2 

Therefore [y,, (52m(2/i)] + [<^2m(yi), = 0. 

Since 62m{Y,iXi) = hmi^iVi) = and ^^Xi and J^iVi are central, 52m preserves the 
relations Xi, yj\ = and ^k,tij] = Efc ^fc' ^y] = ^- follows that 62m preserves the 
relations [xi + Xj,tij] = [t/, + Vj^Uj] = and [xi,yi] = - Uj- All this proves that S2m 

is a derivation. 

Let us show that ad(Ao)^™+^(52m) = for m > 1. We have 
ad(Ao)2™+i(52m)(ari) = -(2m + l)Al^ o o Ao(a;i) = -(2m + 1)^1"" o 52™(yi) 

= -(2m+l)A^™(^ 1 ^ [(ada;,f(i,,),(-ada;,)«(i.i)]) = 0; 

p+q=2m— 1 

the last part of this computation implies that ad(Ao)^"*"'"^(^2m)(yi) = 0, therefore ad(Ao)^'""'"^(52m) = 
0. 

We have clearly [X,52m.] — and [rf, 52to] = 2m(52m- It follows that we have a Lie algebra 
morphism Dcr(ti.„,). Sinco d. Aq, X and 62m all map C(E^ a;,) ® C(E^ j/j) to itself, this 
induces a Lie algebra morphism c) — > Der(ti^„). □ 

Let e, /, /i be the standard basis of s^. Then we have a Lie algebra morphism ^ SI2, 
defined by 62n 0, d 1-^ h, X 1-^ e, Ao 1-^ f . We denote by 5+ C 5 its kernel. 

Since the morphism 5 —^ SI2 has a section (given by e,f,h ^—^ X,Ao,d), we have a 
semidirect product decomposition 5 = 0+ xi sl2. 

We then have 

tl,n XI f = (tl,„ X 5+) XI Sl2- 

Lemma 3.2. ti,„ x 0+ is positively graded. 

Proof. We define compatible Z^-gradings of d and ti.„ by dcg(Ao) = (—1, 1), dcg{d) = 
(0,0),dcg(X) = (l,-l),deg(<52™) = (2m+l,l),dcg(x.) = (l", 0), dcg(2/.) = (0, 1), deg(i,,) = 
(1,1)- 

We define the support of (resp., ti^n) as the subset of of indices for which the 
corresponding component of (resp., ti,„) is nonzero. 

Since the Xi on one hand, the yi on the other hand generate abelian Lie subalgebras of 
ti,n, the support of ti,„ is contained in N?,o U {(1,0), (0, 1)}. 

On the other hand, 0+ is generated by the ad(Ao)^((52m), which all have degrees in N?,o- 
It follows that the support of 0+ is contained in N?,o- 
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Therefore the support of ti,„ >^ 5+ is contained in N?.o U {(1, 0), (0, 1)}, so this Lie algebra 
is positively graded. □ 

Lemma 3.3. ti,„ x 5+ is a sum of finite dimensional sl2-modules; ()+ is a sum of irreducible 
odd dimensional sl2-modules. 

Proof. A generating space for ti^„ is ^-(C^i ® Cj/i), which is a sum of finite dimensional 
5[2-modules, so ti^„ is a sum of finite dimensional s^-modules. 

A generating space for ()+ is the sum over m > 1 of its s[2-submodules generated by the 
52m, which are zero or irreducible odd dimensional, therefore I)+ is a sum of odd dimensional 
5[2-modules. (In fact, the 5(2-submodule generated by d2m is nonzero, as it follows from the 
construction of the above morphism t)+ — > Der(ti,„) that 62m 7^ 0.) □ 

It follows that ti_„, 5+ and ti_„ x £)+ integrate to SL2(C)-modules (while 0+ even integrates 
to a PSL2(C)-module). 

We can form in particular the semidirect products 

G„ := exp((ti,„ X 5+)^) x SL2(C) 

and exp(0+) x PSL2(C); we have morphisms G„ —^ exp(6+) x PSL2(C) (this is a 2-covering 
if n = 1 since ti^i = 0). 

Observe that the action of Sn by automorphisms of ti,„ extends to an action on ti^„ x 0, 
where the action on 5 is trivial. This gives rise to an action of S„ by automorphisms of G„. 

3.2. Bundle with flat connection on Mi^n- The semidirect product ((Z")^ x C) x SL2(Z) 
acts on (C"xi3) — Diag„ by (n, m, u)*(z, t) := (n+Tm+u,(^- t) for (n, m, u) € (Z")^ xC 
and (;^)*(z,r) := (^,^) for (;^)g SL2(Z) (here Diag„ := {(z,r) G C" x i3| for 
some i ^ j, Zij G A^}). The quotient then identifies with the moduli space A^i,„ of elliptic 
curves with n marked points. 

Set G„ := exp((ti,„ x 0+)^) x SL2(C). We will define a principal G„-bundle with fiat 
connection ("P^, Vp„) over A^i,n- 

For M e C^, u'' := (q „"i)€ SL2(C) C G„ and for v e C, e''^ (J i)e SL2(C) C G„. 
Since [X, Xi] = 0, we consistently set exp(aX + ^ ■ biXi) := cxp(aX) cxp(^ ■ biXi). 

Proposition 3.4. There exists a unique principal Gn-bundle Vn over A4i,n, such that a 
section ofUc M.i,n is a function f : Tr^^{U) G„ (where it : (C" xio) — Diag„ A4i,n is 
the canonical projection), such that f{z + 6i\T) = /(z + u(^j (5i)|T) = /(z|t), /(z + T(5i|r) = 
e-2--^/(z|T), /(z|r + 1) = /(z|t) and f{^\ - ^) = r'^ exp(2^(E, z^x^ + X))/(z|r). 

Proof. Let Cg : x ^ G„ be a family of holomorphic functions (where g G ((Z")^ x 
C) X SL2(Z)) satisfying the cocycle condition Cgg'{z\T) = Cg{g' * (z|r))cg/ (z|t). Then there 
exists a unique principal G„-bundle over M.i,n such that a section ofU C Mi,n is a function 
/ : n-^U) ^ G„ such that f{g * (z|t)) = C3(z|t)/(z|t). 

We will now prove that there is a unique cocycle such that C(^, 0,0) = C(o,5i,o) = 1) <^{o,o,Si) = 
cs = 1 and Ct(z|t) = r-^ exp(2^(Ei ^i^i + ^)), where 5 = (J \), T = (0 "i)." 

Such a cocycle is the same as a family of functions Cg : C" x ^ — > G„ (where g G SL2(Z)), 
satisfying the cocycle conditions Cgg'{z\T) = Cg{g' * (z|r))cg/ (z|t) for g,g' G SL2(Z), and 
Cg{z + di\T) = e2^iT^*Cg(z|T), Cg{z + T6i\T) = e-2'^'^**Cg(z|T)e2'^'^* and Cg(z + u(Ei = 
c,(z|r)for5=(^^)GSL2(Z). 

Lemma 3.5. There exists a unique family of functions Cg : C" x — > G„ such that 
Cgg'{z\T) = Cg{g' * (z | T ) ) Cg' (z | t) forg,g' G SL2(Z), with 

cs{z\t) = 1, ct{z\t) = r'^e(2'^'/^)(^^^^-^^+^). 
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Proof. SL2(Z) is the group generated by S, T and relations T"^ = 1, (ST)^ = T^, 
gj^2 ^ x'^s_ T) be the free group with generators S, T; then there is a unique family 

of maps Cg : C" x Sj ^ G„, g € {S,T) satisfying the cocycle conditions (w.r.t. the action of 
{S,T) on C" X through its quotient SL2(Z)) and Cg = cs, Cf = ct- It remains to show 

For this, we show that Cj.2(z|t) = (— l)'^- We have Cj,2(z|t) — ct{^It\ — 1/t)ct(z|t) = 
(-T)-'^exp(-27rir(Ej(^i/r)x, +X))T'^exp(2^(E^.z,a;, = (-1)'^ since r'^Xr"'^ = 

Since ((—1)'^)^ = I'' = 1, we get Cf4. = 1. Since Cg and Cf2 are both constant and 
commute, we also get Cgf-^ = Cf-^g. 

We finally have Cgf{2.\T) = Ct(z|t) while Sf={\-^), {Sff = ( J ) so 

(L^)d exp(-^ ^ + 2T,i-^Xy exp(^(^ ZjXj + X)) 

3 3 

= {-if exp(^(^ ZjXj + X)) ^m J^^ (I^ z,x, + X)) exp(^(^ z^Xj + X)) = (- 

3 3 3 

so = c/p2 . n 

End of proof of Proposition 3.4- We now chock that the maps Cg satisfy the remaining 
conditions, i.e., c(z + = Cg(z|r), Cg(z + (5i|T) = e2'"'>'^*Cg(z|r), Cg(z + T(5i|r) = 

g-27ri5xip^(-2;|^-)g27ria;i_ rpj^g cocyclc identity Cgg'(z|T) = Cg(g' * (z|T))cg' (z|t) implies that it 
suffices to prove these identities for g = S and g = T . They are trivially satisfied \i g = S. 
When g = T, the first identity follows from X^j^i = 0, the third identity follows from the 
fact that {X,xi, ■.■,Xn) is a commutative family, the second identity follows from the same 
fact together with T'^XiT~'^ = TXi. □ 

Set 

(we set f'iz\T) (9/9z)/(z|r)). 

We have g{z,x\T) e Hol((C x Sj) — Diag;^)[[x]], therefore g{z,a,dxi\T) is a linear map 
ti,„ ^ (Hol((Cxij)-Diagi)«)ti,„)^, so.g(z,adx.|r)(ty) G (Hol((C x i^) - Diagi) (g) ti,„)^. 
Therefore 

(/(z|t) := ^Sf(2y,adXi|r)(?y) 

is a meromorphic function C" x ij — > ti „ with only poles at Diag„. 
We set 

A(z|r) := -— Ao - tt^Y] a2nE2„+2{T)S2„ + — 5(z|r), 

ZTT 1 ZTTl ^ — ' ZTT 1 

n>l 

where a2n = — (2n + l)S2n+2(2i7r)^"+^/(2n + 2)! and B„ are the BernouUi numbers given by 
a;/(e^ - 1) = J2r>a(^r/r\)x^ . This is a meromorphic function C" x — > (ti_„ x 0+)^ x n+ C 
Lie(Gi,„) (where n+ = CAq C 5(2) with only poles at Diag„. 

For ip{x) = J2n>i ^2na;^", we set (5^ := J2n>i ^2n<^2n, A^ := Aq + J2n>i b2nS2n- If we set 

^(x|t) = _ ie'/9yix\T) + ix~' + {9'/9y{x\T))^,^o = 5(0, 0|r) - 5(0, x\t), 

then ip{x\T) = J2n>i 0'2nE2n+2iT)x'^" , SO that 

^^^l") = -2^^-(*l^) + 2^^^^l")- 
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Theorem 3.6. There is a unique flat connection Vp„ on Vn, whose pull-hack to (C" x ij) — 
Diag„ is the connection 

d - A(z|t) d t - ^ i?i(z|T) d Zi 

i 

on the trivial Gn-bundle. 

Proof. We should check that the connection d — A(z|r) dr — ^ - -R'i(z|r) d is equivariant 
and flat, which is expressed as follows (taking into account that we already checked the 
equivariance and flatness of d— Ki{z\T) dzt for any r): 

(equivariance) for g = (" SL2(Z) 

^ Aiz^A^^) = Ad(c,(z|r))(K,(z|T)) + [{d/dzMz\r)]c,{z\r)-\ (6) 



7T + (5 + 6 + 6 ' 

A(z + Si\T) = A(z + u{J2 S^)\r) = A(z|t), A(z + tS,\t) = e-^^ A{z\t) - ifi(z|r)), 
i (7) 

C^^^^"^) =^'^(^«(^l^))(^^^l^)) + ;^|:.. Ad(c,(z|r))(^.(z|r)) 

(flatness) [9/9r - A(z|r), 9/^2^ - Ki{z\T)] = 0. _ 

Let us now check the equivariance identity (6) for Ki{z\T). The cocycle identity Cgg' (z|r) = 
(z|T))Cg' (z|t) implies that it suflices to check it when g = S and g = T. When g — S, 
this is the identity ^j(z|T + l) = J^i(z|r), which follows from the identity 9{z\t + 1) = 9{z\t). 
When g = T, we have to check the identity 

-Ki{-\ - -) = Ad(r''e^(^*^*^^+^))(i^i(z|r)) +27ri5i. (9) 

T T T 

We have 

277 i Si - Ad(e2^'(^*^**^+^))(j/»/T) 

= -Ad(e2-(2:.^.s.))(y./^) (as Ad(e2--^)(yi/T) =yi/r + 27rixi) 

- T ^. ad(Efc^feSfe) ^r^'^^- T f-. ad(2i,Si) ^ r '^^'^ 



T 



„27riad(2jjXi) _ i j- 
( ^3 \ 



therefore 



-(E ' ' ^ (t,,0 -yi)=- Ad(T'^e^g--'^'+^))(^i) + 27riXi. (10) 

T ado;- 



We have 9{z/t\ - l/r) = (l/r)e('^'/^)^'6'(z|T), therefore 



ifc(-,a;| - -) =e2'^'^^fc(z,Ta;|r) + -. (11) 

r T r XT 
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Substituting (z,x) = {zij,adxi) {j ^ i), applying to Uj, summing over j and adding up 
identity (10), we get 

-(V k{^,adxi\ - -){tij)-yi) 

T ^ — ' T T 

Since e^'^^^w '*<i^'fc(2jj, r adx,|r)(ty ) = Ad(r'^e(2'^'/^)(^i ^«^-+^))(fc(zy , adx,)fe)) , this im- 
plies (9). This ends the proof of (6). 

Let us now check the shift identities (7) in A(z|t). The first part is immediate; let 
us check the last identity. We have k{z + t,x\t) = e~'^'^^^g{z,x\T) + (e~^'^'^ — l)/x, 
therefore giz + T,x\T) = e'^'"''^ g{z, x\t) - 27r i e-2'^'^fc(2, a;|r) + ^( ^~%'""' - 27r i e'^'^'^). 
Substituting = {zij,adxi) (j ^ i), applying to Uj, summing up and adding up 

T.kd\k,i^j 9izkhiidxk\T){iki), we get 

g{z + T6,\T) 

_ 1 p— 27riadxi 

= e-^^'^'^'igizlr)) - 27Tie-^^'^^^{Kiiz\T) + yi) - ( — 27rie-2^'^<i^-)(yi) 

ad Xi 

_ _ -j „ — 27riadxi 

= e-^^''^^'{giz\r)) - 27rie-2^'^d^*(^i(z|r)) — (y^; 

aci Xi 



on the other hand, we have e 27riada:i^^^-j _ Ao+ ^ ^ads" (v^) (^^ [^Q,Xi] = yi), therefore 
g{z + Si\T) - Ao = e~'^'^''^^'{g{z\T) - Aq - 2TriKi{z\T)). Since the d2n commute with Xi, 
we get A{z + T6i\T) = e-^'^''^^*{A{z\T) - Ki{z\T)), as wanted. 

Let us now check the equivariance identities (8) for A(z|t). As above, the cocycle identities 
imply that it suffices to check (8) for g = S,T. When g = S, this identity follows from 
X;j-^i(z|-r) = 0. When g = T, it is written 

J_A(-| - i) = Ad(cT(z|T))(A(z|r) + - V ZiK,{z\T)) +--2niX. (12) 

I 

The modularity identity (11) for k{z,x\T) implies that 

1 r 1 9-71-1 r -|_ 2iriz£c 9 ■ _27r i 

A,q{-,x\ --)= ^-'^-g{z,Tx\T) + f!^e2-'-fc(^,Tx|r) + \ „ + . 

This implies 

;^^fl(^,adxi| - i)(?i,) = 

i<j i<j 

We compute as above 

^e2--«-d^-5(%,radx.|T)(f,,)=Ad(T''e'?'(^*^*^*+^))(5(z|T)), 

V —Zi^e^^ ' ^« fc(z„- , r ad X, |t) ) = V ^z,( V e^- ' ^- /c(zy , r ad x, |r) (i^ )) 

T T 
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(using k{z, x\t) + k{—z, —x\t) = 0) and 

i<j 

Therefore 

1 ,z, 1 / . , . 27ri x-^ 27ri 



-^5(^1 - -) = Ad(cT(z|r)) (5(z|r) + ^ ^ ^^^^(^1^) + E ^ 

_ ^27r i Zij- £ 

T-^(adxi) 



2 _ p27r i Zij ad aji 27;- j ^ . - g^'"" i ^ij ad Xi _ 



which implies 



■ r ■ T 



A(^| - i) = Ad(cT(z|r))(A(z|T) + ^ 5^^,(z|r)) 

,27T i a( 

(ad5i)2 



+ Ad(c.(z|r))(- 1: .,,0 + - E( ,2(,d,.)2 + -^^d^)(*^^) 



+ ^( Ad(CT(z|T))(Ay(*|^)) - ;^A^(,|_i/^)). 



To prove (12), it then suffices to prove 

T^(ada;i) 



1 , . 1 . 1 _ ^27rizi3 adxi o— ; ^ . . „27r i ad cc; 



+ ^( Ad(cT(z|T))(A^(,|,)) - 1a^(,i_i/,)) = ^ - 27riX (13) 
We compute 

1 . 1 - 27r i . ]^ g27r i z, , ad £i _ -[^ 

Ad(cT(z|r))(- V ^^ij/i) = -2 E + ~ E + E^~r2 ZT- )• 

' . I . I . . . I ao. 

Z I Z Z<J 

We also have Ad(cT(z|T))(£'2„+2(T)(52„) = ■^E2n+2{-^)S2n since [(52„,Xi] = [^2n,-'^] = 
and [d, (52n] = 2nS2n, and since i?2n+2(— 1/t) = T^"+^-E2n+2(T). This implies 

Ad(cT(z|r))(5^(*|T-)) = <5^(*|_i/-r)- 

We now compute Ad(cT(z|r))(Ao)-(l/T2)Ao. We have Ad(cT(z|T))(Ao) = Ad(e2'^'^. ^'^Oo 
Ad(T'^e(2'^'/^)^)(Ao), and Ad(T''e(2'^'/^)^)(Ao) = (1/t2)Ao + (27ri/T)d - (27ri)2X. Now 
Adie^'''^^''^')ix)=X, Ad(e2'^'^*^^^-)(rf) = d - 27r i ^i^i ■ We now compute 

g27r i 2i ad Si _ I g27r i Eji^^i ^ji ad Xj _ ^ 

= - ad(E....O ^^^'^ = ^° - ? ad(E,,,..,.%) ^^'^'^ 

g27rizji adij _ ^ 

ad(.,,^,) 2.i)(.,f,,)); 
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the last sum decomposes as 

- ^ ad(z,x,) - 

SO 

Ad(e-i:.«.)(A.) . A„ - 2,iE..S. - g ^( ^(,.^,.)- - ^'iX^,.'.,). 
and finally 

Ad(cT(z|r))(A^(^l^)) - ;^A^(,|_i/^) 

= -^ll^^y^ -7^Eid(^( ad(..,a^O '"^^("-'-^ + — (d- 2.1^:..^.) - (2. 

which implies (13). This proves (12) and therefore (8). 

We then prove that flatness identity [d/dr — A(z|T),9/9zi — Ki{z,\T)] = 0. For this, we 
will prove that {d / dT)ki{-z\T) = {d / dT)A{2.\T) , and that [A(z|t), i^j(z|T)] = 0. 

Let us first prove 

{d/dT)KMT) = {d/dZi)A{z\T). (14) 

We have {d/dT)K,{z\T) = E,-|,-^i(5rfc)(%-, adx,|r)(?,j) and (9/9zOA(z|r) = (27ri)-i E^i.-^i 
{dzg){zij , adxi){tij) (where dr ■= d/dr, dz = d/dz) so it suffices to prove the identity 
{dTk){z,x\T) = {2'!T\)~^{dzg){z,x\T), i.e., {dTk){z,x\T) = {2TTi)~^ {dzdxk){z,x\T). In this 
identity, k{z, x\t) may be replaced by k{z,x\T) := k{z, x\t) + 1/x = 6{z+x\t)/{6{z\t)6{x\t)). 
Dividing by k{z,x\T), the wanted identity is rewritten as 

27ri(^(.+x|r)-^(z|r)-M(^|^))=(^y(,+,,|^)+(^(,+^|^)_^(,|^))(^(,+^|^)_^ 

(recall that f'{z\T) = dzf{z\T)), or taking into account the heat equation Air i{drO / 0){z\t) = 
le"/e){z\T) - UniidrV/vkr), as follows 

'i{j{z\r)j{x\T) - ^{x\t)j{z + x\t) - ^{z\t)j{z + x\t)) (15) 

+ + y (^|r) + ^{z + x\r) 12^i^(r) = 

Let us prove (15). Denote its l.h.s. by F{z,x\t). Since 0{z\t) is odd w.r.t. z, F{z,x\t) is 
invariant under the permutation of The identities {9' /e){z + T\T) = {e'/9){z\T)- 

27ri and {9" /e){z+T\T) = {9" / 9) {z\t)- An i{9' /9){z\t) + (2TTi)^ imply that F{z, x\t) is elliptic 
in z,x (w.r.t. the lattice A.^)- The possible poles of F{z,x\t) as a function of z are simple 
at 2; = and z = —x (mod A,-), but one checks that F{z,x\t) is regular at these points, so 
it is constant in z. By the Ss-symmetry, it is also constant in x, hence it is a function of r 
only: F{z,x\t) = F{t). 

To compute this function, we compute F(z,0|r) = [-2{9' 19)' - 2{9' /9f + 29" /9]{z\t) + 
{e"/9)({)\T) - 12Tii(drri/9){T), hence F(t) ^ {9"/9){{)\t) - 127ri(9^r?/r?)(T). The above heat 
equation then implies that F{t) = 47r i(9r6'/6')(0|r). Now 9'{Q\t) = 1 implies that 9{z\t) has 
the expansion 6{z\t) = z + '}Zn>2'^n{T)z'^ as 2; — > 0, which implies (9i-0/0)(O|r) = 0. So 
F(t) = 0, which implies (15) and therefore (14). 
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We now prove 

[A(z|T),^i(z|r)]=0. (16) 

Since r is constant in what follows, we will write k(z,x), g{z,x), ip instead of k{z,x\T), 
g{z,x\T), </^(*|t). For i ^ j, let us set gij := g{zij,adx^){tij). Since g{z,x\T) = g{-z,-x\T), 
we have gij = gji. Recall that Kij = k{zij, dAxi){tij). 
We have 

27ri[A(z|r),^i(z|T)] = [-A^ + ^ 9ij,-yi + Kij] (17) 
+ ([y*' djk] + [9ik + 9jk, Kij] + [gij + gjk,Kik]) . 

3M3¥'hkjii,j<k 

One computes 

[\,yi] = V'[/a(adSi)(fjj),5ic«(- adxi)(fij)], where fa{,u)9a{v) = — 

" ^ (18) 

lif{x) e C[[a;]], then 

[Ao, /(adxi)(ty)] - [yi, /'(adxi)(fy)] = y^[fea(adxi)(t^j), ka{a,dxi){iij)] 

a 

^ /(adSj) - /(-adSj) - /'(-ad5j)(adSj +ad%) 

+ sras;? 

where 

J2 K{u)k^{v) = \(^ {f{u + v)- f{u) - vf'iu)) - ^ {f{u + v)- f{v) - uf'iv))). 

a 

Since g{z^x) = kx{z^x)^ we get 

- [Ao,ifi,] + [yi,gij] = -^[/;^(adxi)(fi,),5j.^(ad5i)fe)] (19) 

a 

where 

XI /a (^) = ^(^(fc(2;ij,'U+v)-fc(^;ij,M)— i;A;x(^y, w)) — ^(A;(2;jj,u+t;)-A;(2;ij,t;)-wfcx(2ij,i 

a 

For /(x) € we have 

[J<^,/(adxi)(fy)] = ^[Za(adii)(iy),m„(adxi)(fy)], where ^ Zc<(w)TOc<(t^) = f{u-\-v)i^{v), 

therefore 

- [^v^Kij] = - Yyit{&^Xi){Uj),rin^^{a.dxi){tij)], where ^lt{u)T7i^i{v) = kiz,j,u + v)ipiv). 

a a (20) 

For j,k and j < k, we have 
[yi. 5jfe]+[fi'ife+fl'jfei Kik] = [vi, 9jk\-[9ki, Kji]-[gji, Kki]+[9jk, Kij]+[9jk, Kik], 
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and since for any f{x) e C[[a;]], [Vi, f{adxi){tjk)] = - ^^^td2~/ld ''"^ {[Uj , tjk] ) , we get 

[Vi, 9jk] + [9ik + 9jk, Kij] + [gij + gjk, Kik] (21) 

/ g{zjk,adxj) - g{zjk,-a-dxk) , i a-m/ a-\ 

= ( — ; — g{zki,adxk)k{zji,mxj) + g{zji,adxj)k{zki,eidxk) 

\ did Xj -p did Xf^ 

- g{zkj,adxk)k{zij,adxi) + g{zjk, 8idxj)k{zik, adxi)^ {[iij,ijk])- 
Summing up (18), (19), (20) and (21), (17) gives 
27ri[A(z|r),^i(z|T)] 

= '^'^[Fa{e^dxi){tij),G';^{a.dxi){tij)]+ ^ H{zij, Zik,- a.dxj,- adxk){[tij,tjk]), 
where Ea i^^)G:i (v) = L{z,„u,v), 

L{z,u,v) = ^^^^^"ip^^ + ^k{z,u + v){ip{u) - ip{v)) + ^{g{z,u)k{z,v) - k{z,u)g{z,v)) 

- ^{^{k{z,u + v) - k{z, u) - vkx{z,u)) - ■^(k{z, u + v)- k{z, v) - ukx{z, v))^ 
and 

H{z, z', u, v) = —[k{z,u + v) — k{z,u) — vkx{z, u)) ^[k{z' ,u + v) — k{z' , v) — ukx{z' , v)) 

+ {g{z' - z, -u) - g{z' - z, v)) - g{-z', -v)k{-z, -u) + g{-z, -u)k{-z', -v) 
— g{z — z' , —v)k{z, u + v)+ g{z' — z, —u)k{z', u + v). 

Explicit computation shows that H{z, z' ,u,v) = 0, which implies that L{z,u,v) = since 
L{z,u,v) = —^H{z,z,u,v). This proves (16). □ 

Remark 3.7. Define A(z|t) by the same formula as A(z|t), replacing Xi,yi by Xi,yi. Then 
d— A(z|T)dT — Ki{z\T) d Zi is flat. This can be interpreted as follows. 

Let C SL2(C) be the connected subgroup with Lie algebra CAq. Set N„ := exp((ti,„ x 
J)+)^) X N+, N„ := exp((ti,„ xi 0+)^) x N+ and G„ := exp((ti,„ x t)+)^) x SL2(C). Then 
we have a diagram of groups 

N„ ^ N„ 

I I 

Gn — > G„ 

The trivial N„-bundle on (i^xC")— Diag„ with flat connection d —A(z| r) d r—X^i -K'i(z|r) dzi 
admits a reduction to N„, where the bundle is again trivial and the connection is d — A(z|r) d r— 

j:,K,{z\T)dzi. 

((Z2)2 X C) X SL2(Z) contains the subgroups (Z")2, (Z")^ x C, (Z")^ x SL2(Z). We 
denote the corresponding quotients of (C" x Sj) — Diag„ by C(n), C{n), A4i,n. These flt in 
the diagram 

C{n) ^ C{n) 

> i 

The pair {'Pn,'^v„) can be pulled back to G„-bundles over these covers of Mi^n- These 
pull-backs admit G-structures, where G is the corresponding group in the above diagram of 
groups. 

We have natural projections C(n) ^ Sj, C(n) — > ij. The flbers of r e ij are respectively 
C{Er,n) and C{Er,n). The pair (■PnjV„) can be pulled back to C{ET,n) and C{ET,n); 
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these pull-backs admit G-structures, where G = exp(ti „) and exp(ti „), which coincide with 

{Pn .T •} ^ n.r ) and (P„,T, V„,-r)- 

3.3. Bundle with flat connection over Ali [„]. The semidirect product ((Z")^ x C) x 
(SL2(Z) X Sn) acts on (C" x ij) - Diag„ as follows: the action of ((Z")^ x C) x SLaCC) is as 
above and the action Sn is cr * (^i, r) := {z^-ni-),...,Zcr-i(n)^T). The quotient then 
identifies with Mi^[n]- 

We will define a principal G„ x ^n-bundle with a fiat connection (T'fnj , Vpj^^j ) over A^i,[„]. 

Proposition 3.8. There exists a unique principal G„ x Sn-bundle V[n] over A^i,[„], such 
that a section ofUc A^ijn] a function f : ^^^{11) — > G„ x Sn, satisfying the conditions of 
Proposition 3.4 as well as /((Tz|t) = af{z\T) for a € 5„ (here tt : (C" x.^) — Diag„ — > A4i,[n] 
is ifte canonical projection). 

Proof One checks that ac~g{z\T)a-^ = c^g^-i{a-^z), where g G ((Z")^ x C) x SL2(Z), 
a € Sn- It follows that there is a unique cocycle 0(5 ^) : C" x — > G„ x 5„ such that 
^(§,1) = ^5 ^'^d C(i_^)(z|r) = (7. □ 

Theorem 3.9. There is a unique flat connection V-pj^j on V[n], whose pull-hack to (C" x 
ij) — Diag„ is the connection d— A(z|r) dr — .^i(z|T) d^i on the trivial G„ x Sn-bundle. 

Proof. Taking into account Theorem 3.6, it remains to show that this connection is 5„- 
equivariant. We have already mentioned that ^^Ki{z\T)dZi is equivariant; A(z|r) is also 
checked to be equivariant. □ 



4. The monodromy morphisms Tij^j ^ G„ x 

Let [„] be the mapping class group of genus 1 surfaces with n unordered marked points. 
It can be viewed as the fundamental group 7ri(A1i [„], *), where * is a base point at infinity 
which will be specified later. The fiat connection on A^ij„] introduced above gives rise to 
morphisms 7„ : Fi^^] G„ x Sn, which we now study. This study in divided in two parts: 
in the first, analytic part, we show that 7,1 can be obtained from 71 and 72, and show that 
the restriction of j„ to Bi^„ can be expressed in terms of the KZ associator only. In the 
second part, we show that morphisms Bi,„ — > exp(ti,„) x Sn can be constructed algebraically 
using an arbitrary associator. Finally, we introduce the notion of an elliptic structure over 
a quasi-bialgebra. 

4.1. The solution F(")(z|r). The elliptic KZB system is now 

{d/dzi)F{z\T) = Ki{z\T)F{z\T), {d/dT)F{z\T) = A(z|r)F(z|T), 

where F(z|t) is a function (C" x 9)) — Diag„ D U ^ G„ x Sn invariant under translation 
by C{J2iSi). Let £>„ := {(z,t) e C" x Sj\zi = + biT,ai,bi € M,ai < 02 < ... < a„ < 
ai + 1,61 < 62 < ••• < bn < bi + 1}. Then Dn C (C" x 9)) — Diag„ is simply connected 
and invariant under Si). A solution of the elliptic KZB system on this domain is then 

unique, up to right multiplication by a constant. We now determine a particular solution 
F(")(z|t). 

Let us study the elliptic KZB system in the region Zij 4C 1, r — > ioo. Then Ki{z\T) = 

We now compute the expansion of A(z|r). The heat equation for 1? implies the expansion 
i?(a;|T) = r]{Tf {x + 2Tridrlogr]{T)x^ +0{x^)), so 6»(a;|r) = x + 2Tri dr log r]{T)x^ +0{x^), 
hence 

g{0,x\T) = ijYixlT) + ^=A7ridrlogr]{T)+0{x) = -(7rV3)^2(r) + 0(a;) 
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since -E'2(t) = ^9^1ogry(T). We have g{0,x\T) = 5(0, 0|r) — <p(a;|r), so 

5f(0,a;|T) = -^a2kx'^''E2k+2{T), 

k>0 

where ao = 7r^/3. Then 

A(z|t) = -^(Ao + ^a2fe£2fc+2(r)(^2fe + Yl (ad^O^'^fe))) + 

fe>0 i,j\i<j 

for <C 1 and any r G ij. Since we have an expansion E2k{T) = 1 + X)i>o '^fei^^''''^ as 
r — > ioo, and using Proposition A. 3 with u„ = Zni, Un-i = Zn-i,i/zni,.-., U2 = Z2-1/Z31, 
Ui = q = e^'^''^, there is a unique solution F^"^(z|r) with the expansion 

F(")(z|r) ^ 4f 43+t.3...^ti»+...+t-n-i,„ exp ( - ^ (Ao + J2 «24^2. + ^^(adx,)^'^^)))) 

fe>0 i<J 

in the region Z21 <SC 231 < ••• 2;„i <C 1, r ^ ioo, (z, r) G D„ (here z^j = Zi — Zj); here the 
sign ~ means that any of the ratios of both sides has the form l+J2k>o Si ai a„ r^k""^ {ui, 
where the second sum is finite with a, > 0, i € {1, ■■■,n}, r^'"^''"'""(ui, ...jUn) has degree k, 
and is 0(ui(logUi)"i...(logu„)"''). 

4.2. Presentation of ri_[„]. According to [Bi2], Tij^j = {Bi,„ x SL2(Z)}/Z, where SL2(Z) 

is a central extension 1 — > Z — > SL2(Z) SL2(Z) — > 1; the action a : SL2(Z) — > Aut(Bi,„) 

is such that for Z the central element 1 G Z C SL2(Z), oz{x) = Z'x{Z')^^ , where Z' is 
the image of a generator of the center of PB„ (the pure braid group of n points on the 

plane) under the natural morphism PB„ Bi^„; Bi^„ xi SL2(Z) is then Bi^„ x SL2(Z) with 
the product {p,A){p',A') = {paA{p'), AA'); this semidirect product is then factored by its 
central subgroup (isomorphic to Z) generated by {{Z')~^,Z). 

Yi\n] is presented explicitly as follows. Generators are di {i = 1), Ai,Bi {i = 

1, ...,n), Cjk (1 < i < < n), G and ^, and relations are: 

aiai+iai = ai+iaiai+i {i = 1, ...,n - 2), aiaj = ajai {I < i < j < n), 

al'^Xicrl'^ = Xj+i, (TiYi(Ti = Fj+i {i = 1, n - 1), 
{ai,Xj) = {(Ti,Yj) = 1 (i G {!,..., n - 1},, 7 G {1, n}, j ^ j, i + 1), 

= CLi+lCj+l,i+2C'j^i_|_2 (* — Ij ~ l); 

{A„Aj) = {B„Bj) = 1 (any i, j), Ai = Bi = 1, 

(Sfc, ^fcA-i) = {BkBj\Ak) = Cjk {l<j <k< n), 

{A,Cjk) = {B,,C,k) = l{l<i<j <k<n), 

QAiQ-^ = B7\ QBiQ-^ = B,A,B-\ 

^Ai^-^ = Ai, ^Bi^-^ = BiAi, (9, (7,) = («-, a,) = 1, 

(*, 62) = 1, (e*)3 = = (7i2...C„_i,„. 

Here Xi = Yi = BiB^_^-^ for i = l,...,n (with the convention An+i = Bn+i = 

Ci,n+i = !)• The relations imply 

^jk — + • ■ -^j+n — /c,j+n — . ..n^j.j+l...n — k+j+l • • ■'^/c— . .n i 

where cri,i+i...j = (Jj-i ...(Ti. Observe that C12, ...,C„-i,n commute with each other. 

The group SL2(Z) is presented by generators 8, 4* and Z, and relations: Z is central, 
= (e*)3 = Z and (*, e^) = l. The morphism SL^) ^ SL2(Z) is 6 ( J ) , * 
(01), and the morphism [„] — > SL2(Z) is given by the same formulas and Ai,Bi,ai 1— > 1. 
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The eUiptic braid group Bi^„ is the kernel of [„] SL2(Z); it has the same presentation 
as rij„], except for the omission of the generators 9, 5* and the relations involving them. 
The "pure" mapping class group Fi „ is the kernel of Fi [„] S'„, ^i, -Si, Cjk '-^ 1, o"i cJi; 
it has the same presentation as F^ [„], except for the omission of the (Tj. Finally, recall that 
PBi^„ is the kernel of Fi_[„] SL2(Z) x Sn- 

Remark 4.1. The extended mapping class group Fi,,! of classes of non necessarily orientation- 
preserving self-liomeomorpliisms of a surface of type (l,n) fits in a split exact sequence 

1 Fi,„ Ti^n 1; it may be viewed as {PBi,„ x GL2(Z)}/Z; it has the same 

presentation as Fi^„ with the additional generator S subject to 

S2 = l, EeS-i=e-S E^'S-i=*-S EAi'S-'^=A-\ SSiS-^ = ^iSiAr^. 

4.3. The monodromy morphisms 7„ : Fi [„] G„ x Sn. Let F(z\t) be a solution of the 
ehiptic KZB system defined on £)„. 

RecaU that Dn := {(z, r) e C^x^)\zi — ai+biT, hi e M, ai < 02 < ... < a„ < ai + l, bi < 
62 < ... < 5„ < 61 + 1}. The domains 7J„ {(z, r) e C" x = + b^T, Ui, bi S K, ai < 
a2 < ■•■ < an <&! + !} and D„ :— {(z,t) e C" x Sj\zi = a, + biT,ai,bi G K, 5i < 62 < 
... < 6„ < 5i + 1} are also simply connected and invariant, and we denote by {z\t) and 
F'^{z\t) the prolongations of F{z\t) to these domains. 

Then (z,t) ^ F" {z + J2]=iSi\T) and (z,t) e2'^'(*'+-+^")F^(z + t(X;J=^ 5,)|t) are 
solutions of the elliptic KZB system on Hn and Dn respectively. We define Af,Bf € G„ 
by 

n n 

F"{z + J2Si\r) = F"{z\T)Af, e^'''^^*+-+^''^F^{z + T{Y^6i)\T) = F^{z\T)B[. 

The action of T^^ = (-10) (^i''') ("^Z''': "!/''')) this transformation takes iJ„ to 
Vn- Then (z, r) i-^- cp-i (z|T)~^i^^(— z/t| — l/r) is a solution of the ehiptic KZB system 
on Hn (recah that Ct-i(z|t)-i = e^-^'^-^i ^'^'+''^\-t)'^ = (-T)''e(2'^'/^)(^i^*^*+^)). We 
define by 

CT-i(z|T)-ii^^(-z/T| - l/r) = F^(z|T)e^. 

The action of iS = (J }) is (z,t) i-^ (z, r + 1). This transformation takes Hn to itself. 
Since cs(z|r) = 1, the function (z, r) 1— > F^(z,t + 1) is a solution of the elhptic KZB system 
on Hn- We define by 

F"{z\t + 1) = F"{z\t)^^. 

Finally, define af by 

a,F(a-iz|r) = i^(z|r)af , 

where on the l.h.s. F is extended to the universal cover of (C" x Sj) — Diag„ (cTj exchanges 
Zi and Zi+i, Zi+i passing to the right of Zi). 

Lemma 4.2. There is a unique morphism ^i,[n] ~^ Gi^„ x 5„, taking X to , where 
X = Ai,Bi,e or*. 

Proof. This follows from the geometric description of generators of Fi j„] : if (zq, tq) S Dn, 
then Ai is the class of the projection of the path [0, 1] 9 t i-^- (zq + ^jj''o)) is the 

class of the projection of [0, 1] 9 i (zq + tr X]J=i <^ii '^0), © is the class of the projection of 
any path connecting (zo,ro) to (— zq/to, — I/tq) contained in and ^ is the class of the 
projection of any path connecting (zo,to) to (zo,to + 1) contained in iJ„. □ 

We will denote by 7„ : F^ [„] — > G„ x 5„ the morphism induced by the solution F^"'\z\t). 
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4.4. Expression of 7„ : [„] — > G„ X Sn using 71 and 72. 

Lemma 4.3. There exists a unique Lie algebra morphism c) ti „ >^ 5, a; 1— > [a;], such that 

[S2n] = S2n + E.<, (^d X,;)'" ) , [X] = X, [Aq] = Aq, [d] = d. 

It induces a group morphism Gi G„, also denoted g i--> [g]. 

Lemma 4.4. For each map (j) : {l,...,m} {l,...,n}, there exists a Lie algebra morphism 
ti,n ti,m, X ^ x^, defined by (Sj)"^ := Ei'e</.-i(i) ~ T,i'e<l>-Hi)yi' ' fe)"^ •= 

J2i'e4,-i(i),j'e4>-^{j)^i'o' ■ 

It induces a group morphism exp(ti^„) exp(ti^m), also denoted g 1-^ .g*. 

The proofs are immediate. We now recall the definition and properties of the KZ associator 
([Dr3]). 

If k is a field with char(k) = 0, we let tj^ be the k-Lie algebra generated by tij, where 
i ^ j & {1, n}, with relations 

tji = tij , [tij + tik, tjk] = 0, [tij , tki] = 
for i,j,k,l distinct (in this section, we set tn := t^- ^ach partially defined map 

{l,...,m} 3 {l,...,n}, we have a Lie algebra morphism t„ tm, x ^ x*", de- 

fined by^ {tijY '■= Ei'e0-i(i)j'60-^(i) morphisms 
compatible with the maps a; i-^ x"* on both sides. 

The KZ associator $ = $(ti2,i23) e exp(t3) is defined by Go(z) = Gi{z)<^, where Gi : 
]0, exp(t3) are the solutions of G'{z)G{z)-^ = ti2/z + t2^/{z - 1) with Go{z) ~ z*-^'^ as 
and Gi(^) ~ (1 — z)*^-^ as z ^ 1. The KZ associator satisfies the duality, hexagon and 
pentagon equation (37), (38) below (where A = 2-ki). 

Lemma 4.5. 72(^2) and 72(-B2) belong to exp(ti,2) C G2. 

Proof. If F(z|t) : H2 G2 is a solution of the KZB equation for n = 2, then A2 = 
(z + 62\t)F^ [z\t)~^ is expressed as the iterated integral, from Zq G Dn to Zq + 62, of 
K2{z\t) € ii,2, hence A2 € exp(ti^2)- Since 72(^2) is a conjugate of ^2", it belongs to 

exp(ti,2) as exp(ti,2) C G2 xi 52 is normal. One proves similarly that 72(-B2) G exp(ti_2)- 

' □ 

Set 

$i := $l-i-l,M+l...n __$l...n-2,n-l,n ^ exp(t„). 

We denote by a; 1-^ {x} the morphism exp(t„) — * exp(Ii,„) induced by tij 1-^ Uj. 
Proposition 4.6. Ifn>2, then 

7n(e) = [7i(e)]e'* ^*<i*-, 7„(«') = [71 (4')]e^t 
arid if n>3, then 

7„(A,) = {$i}-S2(^2)'-'-'''-"{$i}, 7n(S,) = m-'l2{B2)'-'-'''-''m, {i = 1, n), 
7„(aO = {$i-'-^''''+^}-^e^"*-+^{$i-^-i'^'^+i}, (i = l,...,n-l). 
Proo/. In the region Z21 < -231 < ••• < -Zni < 1, (z, t) G D„, we have 

f (")(z|r) 4f exp(-|^( r i?2 + C)(^ f,,))[F(r)], 

where -F(t) = F^^\z\t) for any 0. Here G is the constant such that E2 + C = t + o(l) 
as r — > ioo. 



'We will also use the notation x^i' - '^n- for x'^, where h = (f) ^(i). 
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We have F{t + 1) = F{t)^i{'^), F{-1/t) = F{T)ji{e). Since T,i<jtij commutes with 
the image of a; ^ [a;], we get F(")(z|r + 1) = F(")(z|t) exp(-^E.<^. fi,))[7i(*)], so 

7„(*) = exp(i ^ ^iy)[7i(*)]. 

i<j 

In the same region, 

Ct-i(z|t)-1f(")^(--| - -) ~(-r)'^e^(2:,.i^i+x)(_^2i/T)*-...(-^„i/T)*i''+-+*'-^- 

T T 



-1/r 

i<j 



Now i;2(-l/T) = r^iJaM + (6i/7r)r, so /; E2 - E2 = (6i/7r)[log(-l/T) - logi] 
(where log(re*^) = logr + i^ for 6 e] — tt, 7r[). 
It follows that 



)) 



(exp-^^(logi)(^i.,))[(-r)'^e(-'/^)^F(-l/r)] 
^ 4f eM-^x[ E2 + C)(£-U,))[F{r)^,m exp(^ ^t",) 



^F(")^(z|T)[7i(e)]exp(^5^t,,) 

(the second ~ follows from ZiXi = ZnXi and Zn ^0), so 

7n(e) = [7i(e)]exp(i|5^fi,). 

i<j 

Let G'i(z|r) be the solution of the ehiptic KZB system, such that 
G,(z|r) 

= 4f •••4-itr^*""^"^<'r^---^*""""""-4:n--'r exp ( - ^ (Ao + ^ a2„(<52„ + ^(adS,)^"fe) 

when 2:21 < ... -Zj-i,! 1, ^^n.^-i < ... < Zn,i <C 1, T ^ ioo and (z,r) e -D„. Then 
G'i(z + = Gi(z|T)72(A2)"^'"*~"^'*'"", because in the domain considered Ki{z\T) is 

close to A'2(2;i, z„|t)^ - " (where -R'2(...) corresponds to the 2-point system); on the 

other hand, F{z\t) = Gi(z|T){$i}, which implies the formula for 7„(ylj). The formula for 
7„(_Bi) is proved in the same way. Finally, the behavior of F(")(z|r) for 221 ... <C Zni «C 1 
is similar to that of a solution of the KZ equations, which implies the formula for 7n(cri). 

□ 



Remark 4.7. One checks that the composition SL2(Z) ~ Fi^i ^ Gi — ^ SL2(C) is a conju- 
gation of the canonical inclusion. It follows that the composition SL2(Z) C Fi^^ —^ Gi —^ 
SL2(C) is a conjugation of the canonical projection for any n > 1. □ 

Let us set A := 72(^2), B := 72(52)- The image of ^2^3^ — a^^ A2^a^^ by 73 yields 

J[12,3 ^ gi7rti2|$|3,l,2^2,13|^|2,l,3gi7rti2 . |^|3,2,1 J^l,23|^|l,2,3 (22) 
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and the image of .82-8^^ = ui-B^^cri yields 

^12,3 ^ g-i7rfi2|^|3,l,2^2,13|^|2,l,3g-i7rfi2 . |^|3,2,1^1,23|^|1,2,3 ^^3) 

Since (73(^42), 73(^3)) = (73(-B2), 73(-B3)) = 1, we get 

(|$|3,2,l^l,23|$|^ ^12,3) ^ ({$}3,2,1^1,23|$|^ ^12,3) = 1 (24) 

(this equation can also be directly derived from (22) and (23) by noting that the l.h.s. is 
invariant x i-^ x"^'^'^ and commutes with 6=*="^*!^). We have for n = 2, C12 = (^2,^2), 
so {A,B) = 72(^12)-!. Also 71 (6)4 = 1, so 72(^12) = 72(6)* = (e'-*-/2[7i(e)])4 = 

(i,S) = e-2^'*i^ (25) 

Forn = 3, we have 73(6)^ = e2^i(*i^+*i3+*23) = 73(^12(723); since 73(^^12) = (73(^2), 73(^2)) = 
{$}-i(B,i)i'23{$} ^ {$}-ie2'^'(*i2+*i-^){'I'}, wo get 73(6*23) = {^j-^e^'^'^^^j^}. The im- 
age by 73 of (B3, ^3^2^^) = (BsB^KA^) = C23 then gives 

(^12,3^ J^12,3|^|-l(J^l,23^-l|^|^ = (Bl2,3|^|-l(^l,23)-l|^|^ J^12,3) ^ {^j-^e^'' ' 

(26) 

(applying x 1-^ x^'^'^, this identity implies (25)). 

Let us set 9 := 71 (0), ^ := 7i(0). Since 71,72 are group morphisms, we have 

= (e§)3 = (§2, «-) = 1, (27) 
[e]e'^*i=i([e]e'5*i=)-^ = B-\ [e]e' ^*i=B([e]e' ^*^=)-^ = BAB-\ (28) 

[^f]e'f*iM([^]eif*i2)-i = A, [*]e^t*i^B([§]e^t*^=)-^ = BA. (29) 

(27) (resp., (28), (29)) are identities in Gi (resp., G2); in (28), (29), x [x] is induced by 
the map — > ?) x ti,2 defined above. 

4.5. Expression of ^ and of A and B in terms of $. In this section, we compute A 
and B in terms of the KZ associator We also compute ^. 

Recall the definition of ^. The elliptic KZB system for n = 1 is 

2TTidrF{T) + (Ao + ^a2fc£2fc+2(r)(52fc)J^(T) = 0. 
k>l 

The solution F{t) := F^^\z\t) (for any z) is determined by F{t) ~ exp(— 2^(Ao + 
Sfe>i '^2fe^2/s)). Then ^' is determined by F{t + 1) = F(r)^. We have therefore: 

Lemma 4.8. § = exp{-:^^{Ao + ^^^-^ a2k52k))- 

Recall the definition of A and B. The elliptic KZB system for n = 2 is 

^-^(-'-^ = -( ^(.|.)%di|.) (^0) 

27ria^F(^|T) + (Ao + ^ a2fei;2fc+2(r)<52fc - 5(^, adx|T)(i))F(^|T) = 0, (31) 
fe>i 

where z = Z21, x = X2 = -xi, y = y2 ^ ~yi, t = ti2 = -[x,y]. 

The solution F(2;|r) := F^'^'> {zi, Z2\t) is determined by its behavior i^(2|r) ~ 2* exp(- 2^ (Aq-I- 
Efe>o«2fe(52fe + (ada;)2'=)(t))) when z ^ 0+, t ^ ioo. We then have F"{z + 1|t) = 
F"{z\t)A, e'^'^'^'F^iz + t|t) = F^{z\t)B. 
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Proposition 4.9. We have^ 

where y = - ^■,jt%_^ {y) . 

Proof. A = (z\t)^^ (z + 1|t), which we will compute in the limit t — > ioo. For 
this, we will compute F{z\t) in the limit r —^ ioo. In this limit, 0{z\t) = (I/tt) sin(7r2)[l + 
Q^g27rir'jj gQ ^jjg system becomes 

d^F{z\T) = {n cotg{7Tz)t- IT cotgiiT ad x)&dx{y) + 0{e^'''''))F{z\T) (32) 

where the last equation is 

27TidrF{z\T) + (Ao + aot + ^a2fe(52fc + {adxf\t)) + 0{e'''''^))F{z\T) = 0. 

fc>i 

We set 

A:= Ao + ^a2kS2k, so Ao + aot + ^a2k{S2k + {adxf''{t)) = [A] + aot. 

k>l k>l 

The compatibility of this system implies that [A] +aot commutes with i and (tt adx) cotg(7r ada;)(y) = 
i7r(— t — 2y), hence with t and y; actually t commutes with each [62k] = S2k + (ada;)^*^(f). 

Equation (30) can be written d^F{z\T) = {t/z + 0{1))F{z\t). We then let Fo(z|r) be the 
solution of (30) in V := {{z,t)\t eS^,z^ a+hr.a e]0. G M} such that Fo(z|t) ~ when 
2; ^ 0+, for any r. This means that the left (equivalently, right) ratio of these quantities 
has the form 1 + X^fe>o('^®S'^®® k)0{z{log z)^^''^) where f{k) > 0. 

We now relate F{z\t) and Fa{z\T). Let F{t) = F(^^(z|t) for any z be the solution of the 
KZB system for n= 1, such that F{t) ~ exp(— 2^A) as r ^ icxD (meaning that the left, or 
equivalently right, ratio of these quantities has the form 1 + X^/j>o('^^Sree k)0{T^^''^e^'"^'^), 
where f{k) > 0). 

Lemma 4.10. We have F{z\t) = Fo{z\T)exp{-^^{J.^ E2 + C)t)[F(r)], where C is such 
that E2 + C^T + 0(e2'^'^). 

Proof of Lemma. F{z\t) = Fi:,{z\t)X{t), where X : ^ G2 is a map. We have 
g{z,&dx\T){t) = aoE2{T)t + J2k>o a2fc^^2fc+2(T)(adx)^''(t) + 0{z) when z ^ 0'^ and for any 
r, so (31) is written as 

27ridrF{z\T) + {Ao + aoE2{T)t + J2('2kE2k+2{r)[S2k]+0{z))F{z\T) = 

k>0 

where 0{z) has degree > 0. Since Ao,t and the [62k] all commute with t, the ratio 
Fo{z\t)~^F{z\t) satisfies 

27ridr{F^'F{z\T))+{Ao+aoE2{T)t+J2a2kE2k+2{r)[S2k]+Y,{degTee k)0 {z {log zf^''^)){Fo^F{z\T)) = 

k>0 k>0 

where h{k) > 0. Since Fo{z\t)~^ F{z\t) ~ X{t) is in fact independent on z, we have 
27ria,(X(T)) + (Ao + aoE2{T)t + ^^kE2k+2{T)[d2k]) {X {t)) = 0, 

fe>0 

which implies that X{t) = cxp(— ^(/T E2 + C)t)[F{T)]XQ, where Xq is a suitable element 
in G2. The asymptotic behavior of F{z\t) when r ^ ioo and 2; ^ 0+ then implies Xq = 1. 

□ 

^By convention, if x £ C \ R- and a: S n, where n is a pronilpotent Lie algebra, then is exp(xlogz) 6 
exp(n), where logz is chosen with imaginary part in ] — 7r,7r[. 
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End of proof of Proposition. We then have F{z\t) = Fo{z\t)X{t), where X{t) ~ 
exp(— 2^([A] + aot)) as r ^ ioo, where this means that the left ratio (equivalently, the right 
ratio) of these quantities has the form 1 + X]j;>o('i®S'^®^ fc)0(r^('^)e^'^''^), where x{k) > 0. 

If we set u := e^'^''^, then (30) is rewritten as 

duF{u\T) = (y/u + t/{u - 1) + 0{e^^'^))F{u\r), (33) 

where F{u\t) = F{z\t). 

Let D' := {u\\u\ < 1} — [0, 1] be the complement of the unit interval in the unit disc. 
Then we have a bijection {(z,t)|t e iM+,^; = a + Tb,a € [0,1], 6 > 0} ^ D' x iR^, given 
by {z,t)^{u,t) :=(e2--,T). 

Let Fa,Ff be the solutions of (33) in D' x iR+, such that Fa{u\T) ~ ((u - l)/(27ri))* 
when u= 1 + iO+, and for any r, and F/(u|t) ~ e"^*((l — 'u)/(27ri))* when u= 1 — iO+, for 
any r. 

Then one checks that Fo{z\t) = Fa(e2'^^^|T), Fo{z - 1|t) = F>(e2'^'^|r) when {z,t) e 
{{z,t)\t e iK+,z = a + Th\a E [0,1],6> 0}. 

We then define F^, Fg as the solutions of (33) in D' x iM+, such that: Fi,{u\t) ~ (1 — w)* 
as M = 1 — 0+, 9(w) > for any r, Fc{u\t) ~ as w ^ 0+, Sj(w) > for any r, Fd{u\T) ~ 
as u ^ 0"*", 9(m) < for any t, Fe{u\T) ~ (1 — u)* as u = 1 — 0"'", 3(m) < for any r. 

Then Fb = F„(-27ri)*, Fe(-|r) = F6(-|r)[$(y, t) + ©(e^--)], Fd(-|r) = Fc(-|r)e-2-S, 
Fe(-|T) = Fd(-|r)[$(y,t)-i + 0(e2--)], F/ = Fe(i/27r)*. 

SoFy(-|T) = F„(-|T)((-27ri)*$(y,t)e-2'^'S$(ji^f)-i(i/27r)* + 0(e2'^'^)). It follows that 
Fo(z + l|r) = Fo(z|r)A(T), where 

A{t) = (-27r i)*$(y, ^e^" ' ^$(y, t)"! (i /27r)* + 0{e^^ ' ^). 

Now 

i = F(^|t)-1F(^ + l|r) = X{t)-^A{t)X{t) = (l + ^(degree fc)0(T^('='e2^^^))"^ 

fc>0 

exp(^([A]+aoi))((-27ri)*$(y,f)e2-S$(y,t)-i(i/27r)* + 0(e2--)) 
exp(--^([A] +aot))(l + V(degree fc)0(r-We2--)). 

As we have seen, [A] + aot commutes with y and t; on the other hand, 
exp(-^([A] + aot))0(e2--)exp(--^([A] +aot)) 

ZTT 1 ZTT 1 

= exp(Tad(i^L±^))(0(e2^i^)) = ^(degree fc)0(T"i('=»e2'^'^) 

fe>0 

where ni(fc) > 0, as [A] + aot is a sum of terms of positive degree and of Aq, which is locally 
ad-nilpotent. 
Then 

i = (1 + 5]](degree fc)0(T^(*=)e2'^'^))"^((-27ri)*$(y,t)e2'^^5$(y,t)-i(i /27r)* 

k>0 

+ ^(degree A;)0(r"^We2'^'^)) (l + ^(degree A;)0(T^We2'^'^)). 

k>0 k>0 

It follows that 

i = (-27ri)*$(y,t)e2"'*$(y,t)-i(i/27r)* + ^(degree fc)0(T"^('=)e2"'"), 

fe>0 
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where n2(fc) > 0, which unpHes the first formula for A. The second formula either follows 
from the first one by using the hexagon identity, or can be obtained repeating the above 
argument using a path 1 — > +oo — > 1, winding around 1 and oo. □ 

We now prove: 
Theorem 4.11. 

B = (27r i)*$(-y - t, t)e'^'''='^y, t)-\2Tr/ i)"*. 

Proof. We first define Fo(z|t) as the solution in V := {a + 6r|a €]0, e M} of (30) 
such that Fo{z\t) ~ as z ^ 0+. Then there exists B{t) such that e'^'^^'^Fo{z + t\t) = 
Fo{z\t)B{t). We compute the asymptotics of B{t) as t — > ioo. 

Wc define four asymptotic zones (z is assumed to remain on the segment [0, r], and r in 
the line iM+): (1) 2; < K r, (2) K z < r, (3) K t - 2; < r, (4) r - ^ < K r. 

In the transition (l)-(2), the system takes the form (32), or if we set u := e^'^'^, (33). 

In the transition (3)-(4), G{z'\t) := e'^'''='F{T+z'\T) satisfies (30), so G{u'\t) = e2'^'^F(r+ 
z'\t) satisfies (33), where u' = e^'^'^'. 

We now compute the form of the system in the transition (2)- (3). We first prove: 

Lemma 4.12. Set u := e^'^^^, v := e^'^^'^"^). When < Q{z) < Sj(r), we have \u\ < 1, 
\v\ < 1. When k>0, {9^'''> /9){z\t) = {-iir)'' + Z^s,t>o,s+t>o '^i?^*^*' where the sum in the 
r.h.s. is convergent in the domain \u\ < 1, < 1. 

Proof. This is clear if = 0. Set q = uv = e^'^^'". We have e{z\T) = u^^'^U,s>oi^ - 

n.>o(l - 9'^"') • (2^i)-' n.>o(l - <lT\ so 

{e'/9){z\T) = iTT - 2n\Y^q'u/{l - q'u) + 27ri^g"w-V(l - q^u'^) 

s>0 s>0 

= -i7r-27ri> 7rri- + 27ri> — — = -i7r+ > astu v\ 

s>0 s>0 s+t>0 

where ast — 27ri if {s,t) = fc(r,r + 1), A; > 0, r > 0, and ast = if {s,t) = k{r + l,r), 

A; > 0, r > 0. One checks that this series is convergent in the domain |u| < 1, \v\ < 1. This 
proves the lemma for fc = 1. 

We then prove the remaining cases by induction, using 

0(k+l) n(k) ni a n(k) 

^(^|r) = ^(.|r)-(.|r) + --(.|r). 



□ 



Using the expansion 



(l + 5:g"P„(x))(5:((-i7r)'=+ 



sin(7rx) 

^ ^ n>0 fe>0 s+t>0 

^ ' s+t>0 s+t>0 

the form of the system in the transition (2)- (3) is 

W|r) = (- J:if!^ (t/)+ E a.*-V)F(.|r) 

s,t|s+t>0 

= (2i7ry+ Y a.twV)F(z|T), (34) 

s,t|s+t>0 
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where each homogeneous part of J2s t o-stu^v* converges for \u\ < 1, < 1. 

Lemma 4.13. There exists a solution Fc{z\t) of (34) defined for < ^(2;) < '^{t), such 
that 

FMr)=uy{l + Y. E ^og{uy fUu,v)) 

fe>Os<s(fe) 

flogu = i-KZ, vP = e^'^^^^), where fks{u,v) is an analytic function taking its values in the 
homogeneous part of the algebra of degree k, convergent for \u\ < 1 and \v\ < I, and vanishing 
at (0,0). This function is uniquely defined up to right multiplication by an analytic function 
of the form 1 + X]fc>o"fc('/) f'^eca/l that q = uv), where ak{q) is an analytic function on 
{q\\q\ < 1}, vanishing at q = 0, with values in the degree k part of the algebra. 

Proof of Lemma. We set G{z\t) := u~^F(2:|r), so G{z\t) should satisfy 

5^G(2:|r) =exp(-ad(y)logu){ ^ a^tuV}G(^|r), 

s+f>0 

which has the general form 

dM^\r) = {Yl E ^og{uraks{u,v))G{z\T), 

k>0 s<a{k) 

where aks{u, v) is analytic in |u| < 1, | t'| < 1 and vanishes at (0, 0). We show that this system 
admits a solution of the form 1 + '}Zk>() Ss<s(a) log(M)*/fcs(u, w), with fks{u,v) analytic in 
|u| < 1, \v\ < 1, in the degree k part of the algebra, vanishing at (0,0) for s ^ 0. For this, 
we solve inductively (in k) the system of equations 

9z{^{^oguyfksiu,v))= ^ {\oguy'+''" ak's'{u,v)fk"s"iu,v). 

s s',s",k',k"\k'+k"=k (35) 

Let O be the ring of analytic functions on {(?i,w)||M| < 1, \v\ < 1} (with values in a finite 
dimensional vector space) and m C O be the subset of functions vanishing at (0,0). We 
have an injection 0[X] {analytic functions in (u,w), |m| < 1, \v\ < 1, u ^ ^-}, given by 
f{u,v)X^ ^ (\oguy f{u,v). The endomorphism ^ = 27ri(u^ — v-^) then corresponds to 
the endomorphism of 0[X] given by 27ri(^ + u-^ — v^). It is surjective, and restricts to 
a surjective endomorphism of Tn[X]. The latter surjectivity implies that equation (35) can 
be solved. 

Let us show that the solution G{z\t) is unique up to right multiplication by functions of q 
like in the lemma. The ratio of two solutions is of the form 1 + X)j,>q X)s<s(fe) ^'^zi^Y Iks{u, v) 
and is killed by dz. Now the kernel of the endomorphism of vc\[X] given by 27ri(^ + — 
v-^) is TO*(mi), where TO*(mi) C m is the set of all functions of the form a{uv), where a is an 
analytic function on < 1} vanishing at 0. This impHes that the ratio of two solutions 

is as above. □ 

End of proof of Theorem. Similarly, there exists a solution Fd{z\T) of (34) defined in the 
same domain, such that 

k>Os<t{k) 

where bks{u,v) is as above (and logf = i7r(T — z), = exp(27ri(z — T)y)). F(i[z\T) is 
defined up to right multiplication by a function of q as above. 

We now study the ratio Fc{z\t)~^ F(i{z\t) . This is a function of r only, and it has the 
form 

«"'(i + E E {iogun\ogvyakAu,v)) 

k>0 s<s{k),t<t{k) 
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where akstiu,v) G m (as w ^(l+Efc>o Es<s(fc)(l"g "O'^'i^O^- '-'))^^'^ has the form l+Efe>o Es,t<t(fe) 
{logu)^{\ogvydks{u,v), where dks{u,v) e m if Cks{u,v) e m). Set logg := logu + \ogv = 
2tt\t, then this ratio can be rewritten + I]fc>o Es<s(/c),f<t(/c)(log")''(log9)*^fest('"'^)} 

where bkst{u,v) e m, and since the product of this ratio with is killed by dz (which 
identifies with the endomorphism 27ri(^ "'"'"^ ~^^) ^[-^^l); the ratio is in fact of the 
form 

k>0 s<s(fe) 

where aks is analytic in {q\\q\ < 1}, vanishing at g = 0. 
It follows that 

F-^Fdiz\T) = e-2'^^^^(l + ^(degree fc)0(T*^e-2^^^)). (36) 

fe>0 

In addition to Fc and F^, which have prescribed behaviors in zones (2) and (3), we define 
solutions of (30) in V by prescribing behaviors in the remaining asymptotic zones: Fa{z\T) ~ 
z* when z ^ 0+ for any r; Fi,{z\t) ~ (27rz/ i)* when 2^10+ for any r (in particular in zone 
(1)); e2'^'^Fe(z|T) ~ (27r(T - z)/i)* when z = t - iO+ for any r; e2'^'^F/(z|T) ~ (z - r)* 
when z = r + 0+ for any r (in particular in zone (4)). 

Then Fo(z|t) = Fa{z\T), and e''^'"''' Fo{z - t\t) = F/(z|r). We have Fb = Fa(27r/i)*, 

Ff =Fe{27Ti)-K 

Let us now compute the ratio between Fb and Fc. Recall that u = e^'^''^, v = e^'^^i'^-^)^ 
Set F{u,v) := F(2;|t). Using the expansion of 6{z\t), one shows that (30) has the form 

„ =,, , ,A(u,v) B(u,v).=, . 
duF{u,v) = {^-^ + \' )F{u,v), 

U U — I 

where A{u,v) is holomorphic in the region \v\ < 1/2, \u\ < 2, and A{u,0) = y, B{u,0) = t. 
We have Fb{u,v) = (1 - u)*(l + Efc E«<«(fe) log(l - M)'=6fes(w, «)) and Fb{u,v) = u*(l + 
Efe Es<s(fe) ^og{u)''aks{u,v)), with aks^hs analytic, and aks{0,v) = 6fcs(l, w) = 0. The ratio 
F^^Fc is an analytic function of q only, which coincides with $(y,t) for g = 0, so it has 
the form '^{y,t) + Efe>o '^kiq), where afc(g) has degree k, is analytic in the neighborhood of 
q = and vanishes at q = 0. Therefore 

FMr)=Fbiz\T){^{y,t) + 0{e^-'-)). 
In the same way, one proves that 

Fe(z|r) = Fdie-^^'^H-y - t,t)-' + 0(e2--)). 

Indeed, let us set Gd{u',v') := e^'^'TaiT + z'|r), Ge{u',v') := e'^'^'^'Fe^T + z'|r), where 
^/ = g2,ri(T+z')^ ^/ ^ then Gd{u',v') ~ {v'yy-^e'^^''' as (w',t;') ^ (0+,0+) and 

Ge{u', v') ~ (1— w')* as f' — > 1^ for any u', and both Gd and Gg are solutions oi d,u'G(u' , v') = 
[-{y + t)/v' + t/{v' - 1) + 0{u')]G{v'). Therefore Gd = Ge[$(-y - t, t)e''^'^ + 0{u')]. 
Combining these results, we get: 

Lemma AAA. 

B{t) {2TTiy^-y - t,t)e^^'-e^'--H{y,t)-\2TT/ 

in the sense that the left (equivalently, right) ratio of these quantities has the form 1 + 
Efe>o(degree fc)0(T"('=)e2'^'^) for n{k) > 0. 

Recall that we have proved: 

F{z\t) = Fo{z\t) exp(-|2_(^' E2 + C)t)[F{T)], 

where C is such that J.^ E2 + C = t + ©(e^'^'^). 
Set X{t) := exp(-|^(/; E2 + G)i)[F(r)]. 



DAMIEN CALAQUE, BENJAMIN ENRIQUEZ, AND PAVEL ETINGOF 

When r ^ ioo, X{t) = exp(-2^([A] + aot)){l + Efe>o(degree A;)0(r-^('=)e2^'^)). 
Then 

B = F{z\T)-^e'^'''F{z + t\t) = X{t)-^ B{t)X{t) 
= Ad ((1 + (degree k^rf^'^^e''^'^))-^ exp(^([A] + aot))) 

k>0 

(27ri)*$(-y-t,t)e2'^'^e2'^'^*$(y,i)"i(27r/i)-*)(l + ^(degree fc)0(T"('=)e2'^'^) 



fe>0 



where Ad(u)(x) = uxu~^. 

[A]+aot commutes with y and t; assume for a moment that Ad(exp(2^([A]+aot)))(e^'^'^e^'^''^^) 
g27rix (Lgjnma 4.15 below), then 

Ad(exp(^([A]+aoi)))((2^i)*<i>(-y-i,i)e'"'V--S$(y,t)-i(27r/i)-*) 

= (27ri)*$(-y - t,i)e2'^'="$(y,t)-\27r/i)-*. 

On the other hand, Ad(exp(2^([A] + aoi)))(l + Efc>o(dcgrcc /c)0(T"('=)e2'^'^)) has the form 
1 + Efe>o(dcgrce fc)0(T"'('=)e2'^'^), where n'(fc) > 0. It follows that 



B = Ad (1 + ^(degree k)0{Tf^''h^'' ''^)) 

(((277 i)*$(-y - t, t)e2--$(y, t)-' (27r/ i)"*) (l + ^(degree A;)0(r"'('=)e2--))) ; 



k>0 

now 



Ad((27ri)*$(-y-t,t)e2"'^$(y,t)-i(27r/i)-*) '(1 + ^(degree k)0{T^'^''h^'''^)) 
= 1 + ^(degree kJOir^'^'^'^e'^'''''), 



k>0 



k>0 

SO 

B=((27ri)*$(-y-t,f)e2'^^^$(y,t)-^(27r/i)-*)(l + ^(degree k)0{Tf^''h^'''^)) 

k>0 

(1 + ^(degree A;)0(r"'('=)e2'^^^)) 

fe>0 

= ((27ri)*$(-y-t,t)e2'^^^$(y,t)-^(27r/i)-*)(l + ^(degree fc)0(T""('=)e2'^'^)) 

fe>0 

for n"{k) > 0. Since -B is constant w.r.t. t, this implies 

B = {2niy^-y-t,t)e'-'-^y,t)-\2Tr/i)-\ 

as claimed. 

We now prove the conjugation used above. 

Lemma 4.15. For any r € C, we have 

e2jT([^l+«ot)g27riXg-^([A]+aot)g2i7rri/ ^ gSTrix^ 

Proof. We have [A] + aot = Aq + Efc>o a2fe((52fc + {a.d x)^'' {t)) (where Jo = 0), so [[A] + 
aot, x] = y - Efc>o 02/s(ada;)^'=+^(t). Recall that 

E2fc 1 



fe>0 



sin^(7ru) ' 
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then [[A] + aot,x] =y- {adx){^^;^^^ - j^m. So 



1 1 p-27riadx _ i i 

1 1 e-'^-^i!^<i^ — I 1 

= ([A] +oort ; (y- (a.dx)( — ^ ^-r-T^)(*))- 



We have 



(y - (ada;)( , - ——)(*)) = -27riy, 



2-77 i ad a; sin (-Trad a;) (ad a;) 

therefore we get 

e-'"'"(:^([A] +aot))e2-- = -1^([A] + aot) - 27riy. 

/TTl ZTTl 

Multiplying by r, taking the exponential, and using the fact that [A] + aot commutes with 
y, we get e-2'r'^e5^([^l+"<'*^e2'^^^ = e^([^l+"«*)e-2''''"i', which proves the lemma. □ 

This ends the proof of Theorem 4.11. □ 



5. Construction of morphisms Ti^^j ^ G„ x 

In this section, we fix a field k of characteristic zero. We denote the algebras f^^, tjj 
simply by li,„, t„. The above group G„ is the set of C-points of a group scheme defined over 
Q, and we now again denote by G„ the set of its k-points. 

5.1. Construction of morphisms Ti [„] G„ xi 5„ from a 5-uple ($a, A, B, 0, '5). Let 
<I>A be a A-associator defined over k. This means that $a G exp(t3) (the Lie algebras are 
now over k), 

gAt3i/2^2,3,lgAt23/2^^gAti2/2^3,l,2 ^ gA(ti2+t23+fi3)/2_ ^gg^ 

E.g., the KZ associator is a 27r i-associator over C. 

Proposition 5.1. 7/8,^ S Gi and A, B e cxp(ti_2) satisfy: the Ti i identities" (27), the 
Ti,2 identities" (28), (29), and the T^ja] identities" (23), (22), (26) (with 27ri replaced by 
X), as well as A^'^ = A^'^ = = B^'^ = 1, then one defines a morphism Ti,[n] ^ ^ 
by 

e ^ [e]e^ 5 ^*<i , * ^ [*]e^ t i:i<^ , ^ {$i-'-i.'.'+i}-ie^**.*+i/2(j, j+l){$i-*-i''''+i}, 

^ {$-l$i,i+l,..." $>..,fc-l,...'i(gAU2y.../c-l,fc...^ 

where = $i -'-i.'.'+i-"...$i-"-2."-i.". 

According to Section 4.4, the representations 7„ are obtained by the procedure described 
in this proposition from the KZ associator, 0, ^ arising from 71, and A, B arising from 72. 
Note also that the analogue of (22) is equivalent to the pair of equations 

gAti2/2J^2,lgAti2/2^ ^ -^^ ^gAti2/2^^3,12^3,l,2^gAti2/2^^2,31^2,3,l^gAti2/2J^^l,23^1,2,3 ^ -^^ 

and similarly (23) is equivalent to the same equations, with A,\ replaced by B,—X. 
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B.emark 5.2. One can prove that it <E>a satisfies only the pentagon equation and Q,^,A,B 
satisfy the the 'Ti^i identities" (27), the 'Ti,2 identities" (28), (29), and the 'Ti,3 identities" 
(24), (26), then the above formulas (removing cr^) define a morphism Fi „ G„. In the same 
way, if $A satisfies all the associator conditions and A, B satisfy the identities (22), (23), 
(26), then the above formulas (removing O,^) define a morphism Bi_„ — > exp(ti_„) xi 5„. 



Proof. Let us prove that the identity {Ai,Aj) = 1 (z < j) is preserved. Applying 
X ^ to the first identity of (24), we get 

^^l...i-l,i...n ^ ^l...,i...j-l,.--nJ[l...j-l,j...nj-^-l^l...,i...j-l,...n^ _ -|^_ 

The pentagon identity implies 

(39) 

so the above identity is rewritten 

l(^i,i+^, -n ^i...,j-l,..,nJ^l...i-l,i...Ti/^i,i+l,...n ^i...,j-l,..,nx-l ^l...,i,...n ^l...,j-l,...7i 
V A ''" A V A *** A ' ' A '** A 

^l...,j-2,...j-l^-lj^l...j-lj...„^l...,i,...j-l_ _^l...J-2,..^ ^ ^ 

Now _ _^$i...J-i,..,n commute with ii-i-i.* - ", and _ _^ ^i- J-2,...j-i 

commute with which implies 

j-^l...i-l,i...n ^l...,j-l,...nj^l...j-lj...nj-^^l...,i,...n ^1..., . - 1 ^ ^ -j^ 

SO that {Ai, Aj) = 1 is preserved. In the same way, one shows that (i?i, Bj) = 1 is preserved. 
Let us show that {Bk,AkA~^) = Cjk is preserved (if j < k). 

^^l...,j,...n_^^^l...,fe-l,...n-|^l...fe-l,fe...„j.^l...,j,...n 

= /'(f,iJ + l^ - " g)j- -,k-l,...n^l...,j...k-l,...n-Bl...k-l,k...n(^j,j+i,---n ^j...,k-l,...n^l...,j...k-l,...n\-l 

X,j\ A '"A A Va *"A a /' 

^jj+lv« (j)i.-.fe-l,-n([)l---,J...fc-l,---"^l...fe-l,A:...ra|'^J,j+l,...n ^j...,fe-l,...ra^l... j...fe-l,...ri-,-l 
A *" A A V A '** A A 

(^^•••■'"-^'^•••")~^)<l?A j = $-l$^'-' + l' - "...$-^- ''^~l' - "($j^- -'-'---'=~^'---"Bl---'=-l>'^ 

^l...,j...fc-l,...r^^l...fc-l,fc...n^^l...,J^..fc-l,...n-J-l^•J^l...j-l,j...n-J-l-J^<j)J^^^ 



($i'^+i'-"...$i-''=-i- •")-l$,^^. 



where the second identity uses (39) and the invariance of $a , the third identity uses the fact 
that <i>j-'^^' ' ", "' ~ commute with " (again by the invariance of $a)i 

and the last identity uses (26). So {Bk,Ai~Aj^) = Cjk is preserved. One shows similarly 
that 

($-iBi--'=-i''=---"$A,fc$-j.(Bi--^-i'^-"^ 

= $-i$J.J+i.---"...$i---.fc-i.---"(e^'riti2y---fe-i.fe---"($i.i+i.---».__$i^^ 
so that [Bi~By^ , A)-) = Cjk is preserved. 
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_ j'^l...i-l,i...ri ^l...A,...n ^l...,j-l,...n^j,j+l,...n ^j...,k-l,...n /^2Tr iti2\j...k-l,k...n 

X,i\ ' A A A '** A V z 

|-^l...,i,...n_^^^l...J-l,...n^jJ+l,...n __^j...,fe-l,^ 
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.n 










-I....„^I... 


,i...j-l,...n^l. 




• J-2,j-l^j,j+l,.--n ^j-- 


.,fe-l,. 






..n 

' ^A 








,...n 




^g27riti2^j...fc— l,fe... 


„j.^M+l,... 


A 






..n-j-l 




A,i A 




.n^^l....-l,^.. 


' ^A 


,---n^j,j+l,---n ^j...,k-l. 
A * * * A 


,...n 




^g27riti2-jj...fe-l,fe... 












■")-^1>A,i 








'*A 


^j...,fe-l,...n^l...,i...j-l, 






^g27rifi2^j...fe— l,fe... 






...n^l...,i...j-l, 






•")-'*A,i 



= 1, 



where the second equahty follows from the generalized pentagon identity (39), the third 
equality follows from the fact that $i -'»> -J-i^ ...^ ^i... j-2,j-i commute with (^e'^^iti2y-k-i,k...n ^ 
^i,j+i,...n^ ^j^ -^^-'^- - " ^ ^iig fourth equality follows from the fact that <j)^'+i'---"-^ _ 
<i>^' '"'^^' "" commute with (as <I>a is invariant), the last equality follows from 

the fact that " commutes with ...^ cj)^"' -i----" (again as (1?a is invari- 

ant) and with (e^'^ i*i2y-- fe-i>fc---" (as tsi commutes with the image of ts ^ t4, a; i-> a;^'^'^^). 
Therefore {Ai,Cjk) = 1 is preserved. One shows similarly that {Bi,Cjk) = 1 < j < k), 
Xi+i = UiXiUi and l^+i = a~^Yia~^ are preserved. 

The fact that the relations 6^,6-^ = QBi®-'^ = BiAiBr^, ^Ai^-^ = Ai, 

'i'Bi'^^^ = BiAi, are preserved follows from the identities (28), (29) and that if we de- 
note by a; 1-^ [a;]„ the morphism 5 ^ 5 x ti,„ defined above, then: (a) commutes with 
and with the image of t) — > x ti,„, x i— > \x\n\ (b) for x € 0, y S ti,2, we have 
[[x]„, y^ - *^^'* ""] = [[x]2, y]^' ' Let us prove (a): the first part follows from the fact 
that $ commutes with ti2 + tis + ^23; the second part follows from the fact that X, d, Aq and 
'^2n + X]fc<i(^da;/c)^"(?/ci) commute with Uj for any i < j. Let us prove (b): the identity holds 
for [a;, a;'] whenever it holds for x and for x' , so it sufhcos to check it for x a generator of 5; 
X being such a generator, both sides are (as functions of y) derivations ti,2 h,n w.r.t. the 
morphism ti,2 ti,„, y 1-^ yi -.»-i,»...n^ gQ suffices to check the identity for y a generator 
of ti_2. The identity is obvious if x e {Ao,rf, X} and y € {xi,yi,X2,y2}- If a; = 623 and 
y = xi, then the identity holds because we have 



[S2s + (ad5i)2«(fi2),Si]i-^-i''-" = -((adxi)2^+i(ii2))'-' 

i-l 

= -(ad(^x„0)'^+'( E iuv) = - E (adx„)2«+i(f„.), 

u'=l l<u<i<v<n l<u<i<v<n 
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while 

[hs + X] (adx„)^^(tu^), ^ Xu'] = [ ^ (adx„)^''(4„), ^ 

l<u<u<n u' = l l<u<i<v<n u'=l 

l<u<i<v<n 

where the first equality follows from the fact that (a.dxu)^'^ {tuv) commutes with X^^T^i Su' 
whenever u<v<ioTi<u<v. Ifa; = ^2s and y = X2, then the identity follows because 
[S2s + (adii)2«(ti2),xi +X2] = and [62s + Ei<„<,;<n(ad ^«)^* EC'=i ^"'] = 0- 
If a; = 623 and y = yi, then 

[(52. + (ad:ci)2^fe),yi]i-'-i'^-" 

= {1 J2 [(ad5ir(ti2),(-ada;i)«(ti2)] + [(ad^if ^(^12), yi]}^-^-^'^-" 

p+g=2s-l 



= ^ [ 53 (ada;„)^'(t„„), ^ (ada;„')«(<„'„') 

p+g=2s — 1 l<u<i<i;<n l<M'<i<i;'<n 

, t/i + ... + yi-i]; 



l<u<i<v<n 

on the other hand, 



),yi + ... 

l<u<v<n 

1 _ _ 

= X! [(adx„)2*(i„„),yi + ... + ^ ^ i[(adx„f (f„^), (- adx„)«(f„^)], 

l<«<i)<n l<u<i<v<np+g=2s—l 

where the second equality follows from the fact that [{ad XuY (tuv) ■> (— S«)'(iuu)]+[(ada;„)P(tuv), 
(— &d Xv)"^ {iuv)] = as p + g is odd. 
Then 



[52. + (ad5i)2^(fi2),yi]^-'-^''-" - [S2s + Y (adS«)'^(f„.),yi + ..■ + yi-i] 

l<.u<v<.n 

= ~ X] [{^'i^uf^{tuv),yi + ■■■+yi-i]- Y [(adS«)^'*(iu^),yi + - + yi-i] 

l<u<v<i i<u<v<n 

+ 1 J2 J2 [{adxuy{iuv),{-adxu'y{iu'v')] 



2 

p+q=2s-l i<u<i<v<n 

= Y [{^<i^uf^{tuv),yi + ■■■ + yn]- Y [(ads«)^*(fuu),^i + ••• + 

l<.u<v<.i i<u<iv<n 

+ ^ X] X] [(ad5„f (?„„),(- adx„)«(f„„/)] 

p+q=2s-l i<„<i<^<„ 

l<u<i<u'<n,T;7^v' 

+ 1 Y X [(adx„)f(f„„),(-adx„0^(V^)] 



2 

l<u' <i<v<n,u^u' 



^ ^ l<u<^<v<n 
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where the second equahty follows from the centrality of yi + ... + y™, the last equality follows 
for the fact that (ada;„)*'(tu^) and (— a.dxu')'^{tu'v') commute for u,v, u' , v' all distinct. Since 
p + gr is odd, it follows that 



[52s + (ada;i)2^(fi2),yi]'-"-''"-" - [S^s + (ada;«)'^ yi + ... + 

l<ii<t?<n 

= X! [(ad (?«,;), yi + ••• + yn] - X! [(ad5«)^*(fuu),yi + ••• + yi-i] 



l<u<i;<i i<u<Cv<n 

+ S [(adx„)f(i„„),(-ad5„)«(f„^0] 

p+g=2s— 1 l<u<i<v<v' <n 

+ 51 51 [(adS„)^(t„„), (- adS„')'(i„'„)]. 

p+9=2s — 1 l<u<u' <i<v<n 

Now if 1 < u < -y < i, we have 

[(adx„)^'*(f„,;),yi + ... + y„] = ^ (ad5„)P ad(i«i + ... + f„„)(adx„)''(f„,;) 

p+g=2s-l 

n n 

= ^ ^ (ada;M)^[fMm, (— adxti)'^(tMti)] = ^ ^ ^ ^ (a'da;„)^(— ada;^)'^([i„^, 

t«=ip+g=2s— 1 «)=ip+9=2s — 1 

n n 

= ~ ^ ] ^ ^ (ada;u)^(— ada:^)''([tiiu)) ^ti-u)]) = ~ 5^ ^ ^ [(&da;M)^(tMU))) (~ 8'da;^)''(it,^)]; 

«)=ip+g=2s— 1 u;=ip+q=2s— 1 

one shows in the same way that i < u < v < n, then [(ada;„)^^(t„i,),yi + ... + yi-\] = 
Srii Z!p+g=2s-i[(ad5«)''(f«»), (- ad5„)«(t„^)]; all this implies that 

[52. + (adxi)2^(fi2),yi]^-'-^''-" - [62s + (adx„)2^(i„„),(yi)i-^-i]. 

l<u<i;<n 

Since [52s + (ad xi) 2^(^12 ), yi + 2/2] = and [52s + Ei<«<„<„(adx„)2^(f„^), yi + ... + y„] =0, 
this equality implies 

[52s + (ada;i)2^(ii2),y2]'-'-'''-" - [52s + ^ (adS„)2«(i„„), (y2)'-'-'], 

l<u<v<n 

which ends the proof of (b) above, and therefore of the fact that the identities 6Aj6~^ = 
-B,~\ = BiAi are preserved. 

The relation (9, 4'^) = 1 is preserved because 

([e]e' ^ ^'<^ , ([*]e' t = ([e]e' ^ 2:.<, ^ [^]2gi f E.<, = ([§], [^]2) = [(9^ ^2^] = 1, 

where the two first identities follow from the fact that X]i<j ^ij commutes with the image of 
^ 5 X ti_„, x i-^- [x], the third identity follows from the fact that Gi ^ G„, g ^ [g] is a 
group morphism, and the last identity follows from (27). 

The image of Ci,j+i is $-i(e2'"i*i2)».»+i-"$_^_^^ to the product of the images of C12, ...,C„_i,„ 

is 

*A,l(e'"'*")'''-"(*A,i$l2)(e'"'*^^)'''-"(*A,2$A,3)(e'"'*^ 

_ ^-1 ^g27riti2-jl,2...rn-g27rifi2-j2,3...n^l,2,3...nj-g27rifi2-j3,4...Ti ^l...,i-l,.--"^g27r i ti2 ^j,i+l...n 
^l...,Ti-2,n-l ng27rit„_i,„ 



^-1 ^g2iriti2-jl,2...n^g27riti2-j2,3...n^g2iriii2-j3,4...?i ^^2-K\ti2y,i 



+ l...n g27ritn-i,i 



^l,2,3...n __^l...,i-l,...n __^l...,n-2,n-l n ^ $"1 g^'' ' ^*<J *« $A,1 =e^'''^«J**^ 

where the second equality follows from the fact that $i - >»'- -n commutes with (e^'^'*^^)-''-'^^ ' " 
whenever j > i, and the last equality follows from the fact that X^i<j Uj is central is in- 
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So the product of the images of Ci2...C„_i,„ is e^'^'^»<3 . 

The relation (O*)^ = Ci2...C„_i_„ is then preserved because ([6]e' * ^•<3 [vj/Je' ^><3 **^)-'' = 
([e][*])3e2'''^-<^*'^ = [(e*)3]e2'''^-<^*'^ = e2'''^^<^ *■^ where the first equality follows 
from the fact that J2i<jtij commutes with the image of Gi — > G„, 5 i— > [g], the second 
equality follows from the fact that g 1-^ [g] is a group morphism and the last equality follows 
from (27). In the same way, one proves that 0^ = Ci2-..Cn-i,n, = Cj,i+iCj+i,j+2C'j~8+i 
and (OjCTj) = {^,ai) = 1 are preserved. □ 

5.2. Construction of morphisms Bi „ cxp(t5'„) x: Sn using an associator Let 
us keep the notation of the previous section. Set a2n(A) := — (2n + l)i?2n+2A^""'"^/(2n + 2)!, 

:=- eAadf_l (j/), 

:= $A(yA, t)e^^-$A(yA, i)"' = e-^*/2^A(-yA - i)e^^*^+*)*A(-yA - t, t)-^e-^*/^, 

Bx ■■= e^*/2$A(-yA - t, <)e^-$A(yA, i)"' 
(the identity in the definition of Ax follows from the hexagon relation) . 

Proposition 5.3. We have 

^12,3 ^ gAti./2|^^|3,1.2^2,13|^^|2,l,3gAU./2 . |^^|3,2,1^1.23|^^|1,2,3^ 
512,3 ^ g-At,./2|^^|3.1,2^2,13|^^|2,l,3g-At,./2 . |^^|3,2.l5l.23^^^^1,2,3^ 

(^12,3^ gAt-i./2|^^|3,l,2^2,13|^^^2,l,3gAtx./2) ^ (g-Ati./2|^^|3,l,2^2,13|^^^2,l,3g-Ati./2^ ^12,3^ 

^|5,^|3,2,lgAt.3{$^}l,2,3^ 

SO the formulas of Proposition 5.1 (restricted to the generators Ai,Bi,ai,Cjk) induce a mor- 
phism Bi n — > exp(t5'„) XI Sn (here i^n tf^^ degree completion ofl^n)- 

Proof. In this proof, we shift the indices of the generators of in+i by 1, so these generators 
are now ttj, i ^ j e {0, n} (recall that t„+i = in+i, ii,n = ti^„)- 

We have a morphism Q!„ : tn+i h,n, defined by tij if 1 < z < j < n and 

toi '-^ Vi ■= - ^xl^it^i iVi) if 1 < « < n (it takes the central element Y.vi<i<j<n *y to 0). 

Let (j) : {!,..., to} {l,...,n} be a map and </>' : {0, ...,to} {0,...,n} be given by 
(^'(1) = 1, (^'(i) = (^(i) for i = l, ...,TO. The diagram 





tm+l 




lam 


tl,n — * 





is not commutative, we have instead the identity 

n 

»=i i',j'e4>-^{i)\i'<j' 

where : ti,„ ^ k is the linear form defined by ^i{toi) = 1, ^i(any other homogeneous Lie 
polynomial in the tki) — 0. 

Since the various U'j' commute with each other and with the image of 

X x'^, this impHes 

n 

am{g^') = a„(5)^]Je-^*^'°ss)(E*',,'e*-i(i),i'<.'*iv) 

for g e exp(t„+i). 
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Set Ax := $°'i'2e^*«i($°'^'^)-i e exp(t3). One proves that 



^0,12,3gAti2 = gAti2/2^3,l,2^0,2,13^2,l,3gAti2/2 . ^3,2,1^0,1,23^1,2,3 
A AAA AAA 

(relation in exp(t4)). We then have a2{Ax) = Ax, as{^^ ") = ' , and the relation 
between the ai and coproducts implies as{A^^'^^) = A^x^^ and a3(A°'^^'"^e'^*^^) = A^x '^- 
Taking the image by as, we get the first identity. 

1 1 23 '^12 3 

As we have already mentioned, this identity implies A-^^ ^x,A^ " ) = 1. 

Let exp(t„+i)*Z"//„ be the quotient of the free product of exp(t„+i) with Z" — ®"^;^ZXj 
by the normal subgroup generated by the rations of the exponentials of the sides of each of 
the equations 

XitoiX^ ^ = tai, Xi{toj+tij)X^ ^ =toj, XitjkX^ ^ = tjk, XjXktjk{XjXk) ^ = tjk 

where i,j,k are distinct in {l,...,n}. Then the morphism a„ : t„+i — * ti,„ extends to 
a„ : exp(t„+i) * Z"//„ exp(ti,„) by X, e"^^*. 

If (j) '■ {1) — * {1, is a map, then the Lie algebra morphism t„+i tm+i, x y-^ 

x'^' extends to a group morphism exp(t„)*Z"//„ exp(t„)*Z'"/7TO by Xj i-^- ni'e,/,-i(i) ^i'- 

Let 

Bx := e^*-/2$°'''^Xi$f e exp(t3) * ZV/2, 

then a.2{Bx) = Bx- 
We will prove that 

50,12,3 ^ g-Ati2/2^3,l,2 ^0,2,13^2,l,3g-Ati2/2 . ^3,2,1 ^0,1,23^1,2,3_ /^gs 
A AAA AA V/ 

The l.h.s. is 

50,12,3 ^ gAt3.i2/2^0,3,12^^^^^3,21,0 

and the r.h.s. is 

g-Ati2/2^3,l,2gAt3i,2/2^0,13,2^^^13,2,0^2,l,3g-Ati2/2^3,2,lgAt23,i/2$0,23,1^^^32,l,0^1^^ 

The equality between these terms is rewritten as 

XiX2 = $f'^^'$i''''"e-^*-/2X2$f>2,0gAti3/2$2,3,1^0,23,1^^^01,2,3^2,l,0^ 

or, using the fact that Xi commutes with tjk {i,j,k distinct), as 

X,X2 = a,034,2^1,3,0^^^02,3,l<j,3,2,0^^^01.2,3^2,l,0_ 

Now X2$f '^'^ = $*i''''^X2, = and XiX2$^'^'° = $^'^'°^XiX2, so the 

r.h.s. is rewritten as $f ■i'2$^'3'°$°'3'iX2$^'^'°$°'^'^Xi$^'^'° = X1X2. This ends the proof 
of (40). Taking the image by 04, we then get the second identity of the Proposition. 
Let us prove the next identity. We have 

^50,12,3 gAti2/2^3,l, 2^0,2, 13^2,1, 3gAti2/2-j 

= eAti2,3/2$0,3,12^^^^^342,0gAU2/2^3,l,2^0,2,13gAto,2$13,2,0^2,l,3gAti2/2$0,12,3^^ 
$12,3,Og-Ati2,3/2g-Ati2/2^3,l,2^0,2,13g-Ato,2$13,2,0^2,l,3g-Ati2/2_ 

Now 

XiX2$f''°e^*-/2$f'2$f'i3e^*°.^$f'''°$f •='e^*-/2$°'^2''(XiX2)-i 
= e^*-/2XiX2$f''°$f ■'$°'''''e^*°-^$f'2'°$f •'$°'^'''(XiX2)-^e^*-/2 
= e^*-/2XiX2$°'''^$f •°'e^*<'.^$f'^'^$°'''^(XiX2)-ie^*-/2 
= e^*i^/2XiX2$f ''e^*'''=$°''''(XiX2)-ie^*^=/2 

= eAf,2/2^03,2,l^^^^gAto,2(;^^jf2)-l$03,2,lgAt-.2/2 
= gAti2/2^03,2,lgAto3,2$03,2,lgAti2/2 
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Plugging this in the above expression for (ijO'i^.a^ gAi-i2/2$3,i,2^o,2,i3^2,i,3gAti2/2)^ ^^^^^ 

finds e^*i^/2$3.1-2^^,2,13^24,3gAt,2/2) ^3,2,lgAt23 $1^2,3 ^ ^^j^.^^^ ^^^^^ 

we then obtain (sf >^ e^*-/2$3.i.2^2,i3^2,i,3gAt,./2^ ^ ^3,2,1 ^xi., ^1,2, s _ 
Let us prove that last identity. For this, we will show 

Cg-Ati2/2^3,l,2^0,2,13^2,l,3g-Ati2/2 ^0,12,3gAti2 \ ^ ^3,2,lgAt23$l-2,3 
V AAA 'A / A A 

and take the image by 04. 
We have 

Cg-Ati2/2^3, 1,2^0,2, 13^2, l,3g-Ati2/2 ^0,12,3gAtl2^ 
\ AAA 'A ' 

^ g-Ati2/2^3,l,2gAt2,i3/2^0a3,2^^13,2,0^2,l,3g-Aii2/2^O,12,3gAto,i2$3,12,0gAti2gAti2/2^3,l,2^0,S 
A"' A'^AA A A AA 

^2,13,0g-At2^i3/2<j,2,l,3gA<i2/2<j,O,12,3g-Ato,i2^342,Op-Ati2 

^ g-Ati2/2<j,3,l,2gAt2, 13/2^043, 2^^13,2,0^2, 1, 3^0, 12,3gAto,i2+Ati2^3, 12,0^3, 1,2^0,2, 13^-1 

A A^AAA AAA2 

^2,13,0g-At2,i3/2^2,l,3g-Ati2/2^O,12,3g-Ato,i2^3,12,0_ 

Now 

-^AAA AAA2 

= X9$f ■^■•'$P'°e^*'''i^+^*i=^$°'^'^$^^'°^Xo-^ = $0.1^3^^1,2,OgAto.i2+Ati2$0,2,l^ 1^3,1,0 
'^AA AA2A^A A2A 

_ ^0,1,3^ A(toi+to2+tl2)j^-l(j)3, 1,0 ^ ([)0,l,3gA(toi+to2+tl2+t23)$3,l,0 

A 2 A A A ' 

So 

Cg-Ati2/2^3,l,2^0,2,13^2,l,3g-Ati2/2 ^0,12,3gAti2 -) 
V AAA 'A 

= g-Ati2/2^3,l,2gAt2,i3/2^0,13,2^0,l,3gA(toi+to2+ti2+t23) 

^3,l,0^2,13,0g-At2,i3/2$2,l,3g-Ati2/2^0,12,3g-Ato,i2$3,12,0. 
A A A A A ' 

"^2 2^ \ J. 12 3 

after some computation, we find that this equals ' e ' . □ 

In particular, {^x,Ax,Bx) give rise to a morphism Bi^„ — > exp(t5'^) x S'„; one proves 

as in Section 2 that it induces an isomorphism of filtered Lie algebras Lie(PBi „)k — t-i „• 
Taking $a to be a rational associator ([Dr3]), we then obtain: 

Corollary 5.4. We have a filtered isomorphism Lie(PBi^„)Q ~ t^^^, which can be extended 
to an isomorphism Bi^„(Q) ~ exp(^^) x Sn- 

5.3. Construction of morphisms P^ [„] — > Gi „ xi 5„ using a pair ($A)0a)- Keep the 
notation of the previous section and set 



*A := exp(-y (Ao + ^ a2k{X)S2k))- 



^ k>i 
Proposition 5.5. We have 

j^^jgAfi2/i2^^([|,^]gAfi2/i2)-i ^ [*;,]e^*-/i2B^([^^]e^*-/i2)-i = BxAx. 

Proof. The first identity follows from the fact that Aq + X^fe>i Q2fe(^)['^2fe] — com- 
mutes with t and ^a ; the second identity follows from these facts and the analogue of Lemma 
4.15, where 27ri is replaced by A. □ 

Assume that Oa € Gi satisfies 

el = (eA^A)' = (e^,*A) = i, 

[eA]e^*-/^iA([eA]e^*-/^)-i = [eA]e^*-/4SA([eA]e^*-/4)-i = BxAxB^^ 
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(one can show that the two last equations are equivalent), then 6 i-^ [G);v]e'^^^*<3 

\E' 1-^ [^^jg^(5i;i<3 extends the morphism defined in Proposition 5.3 to a morphism 

^l,[n] — *■ G„ XI S'n. 

We do not know whether for each defined over k, there exists a 0^ defined over k, 
satisfying the above conditions. 

5.4. Elliptic structures over QTQBA's. Let {H, Ah, Rh, ^h) be a quasitriangular qua- 
sibialgebra (QTQBA). Recall that this means that ([Dr2]): {H, rriH) is an algebra, Ah ■ H —^ 
H®'^ is an algebra morphism, Rh e H®"^ and $jj S H®'^ are invertible, and 

Aj/(x)2'i = RhAh{x)Rh\ (id^Aff) o Ah{x) = ^h{Ah ® id) o (x)$^\ 

pl2,3 _ ^3,1,2 nl,3,^l,3,2N-l ^2, 3^1, 2, 3 pi, 23 _ /^2,3,1\-1 nl,3<^2,l,3 nl,2 /^l,2,3x -1 
$^2,34^12,3,4 ^ ^2^3,4^1^23,4,5,1,2,3 

One also assumes the existence of a unit Ih and a counit en- 

If A is an algebra and Ji, J2 C A are left ideals, define the Hecke bimodule W(A| Ji, J2) 
or 7i(Ji../2) as HomA(A/Ji, A/J2) = {A/J2Y^ where Ji acts on the quotient from the 
left; we have thus 7i(Ji, J2) = {a; G A|Ji3; C Ji\l J2- The product of A induces a product 
n{Ji,J2)(i)n{J2,h) niJuh). when Ji = J2 = J, n{J) ■.= n{J,J) is the usual 
Hecke algebra, and W(Ji, J2) is a (W( Ji), 'W( J2))-bimodule. Recall that we have a functor 
A-mod ^ n{J) -mod, V ^V-^ := {v e V\Jv = 0}. 

If H is an algebra with unit equipped with a morphism Ah : H — > H®^ and a : H ^ D 
is a morphism of algebras with unit, we define for each n > 1 and each pair of words w, w' 
in the free magma generated by 1, n containing 1, n exactly once (recall that a magma 
is a set with a non-necessarily associative binary operation) the Hecke bimodule 

(or simply 7^"''"' ) where C D H®^ is the left ideal generated by the image of (a (g) 
A^) o Ah ■ H+ ^ D ® F®". Here H+ = Kev{H ^5 k) and for example A^^^^ = (213) o 
(Ah ® id/f) o Ah, etc. We have products H"'-'"' (g) H"^'^^" TT^-'^'" . We denote the Hecke 
algebra 7^"''"' by n'^{D,H) or H""; we denote by 1^ its unit. We denote by (H"''"'')^ the 
set of invertible elements of 7^"''"' , i.e., the set of elements X such that for some X' € 
X'X = Iw', XX' = Iw The symmetric group Sn acts on the system of bimodules 
j^w,w' permuting the factors, so we get maps Ad(o-) : 7^"''"'' -j-c^MM^') (where 
a{w) is the word w, where i is replaced by <t(«)). If wq = ((12). ..)n, we define an algebra 
structure on ®.es„W"'°'"("'<'V by (E.es>-^)(EreS„ Z^^^) ■= E.,.gs„ Ad(a)(/i;)<7T. 
Then U^gs„('^""'''^^""''')''cr C ©^eS„H""'''^^""'''cr is a group with unit 1^^. We have an exact 
sequence 1 {TV"")^ ^ U^gs„('H"'0''^("'<'))^cT 5„, but the last map is not necessarily 
surjective (and if it is, does not necessarily split). 

If is a quasibialgebra, then gives rise to an element of H^'-'^'^^ ''^'^'^^^ [D , H) , which 
we also denote similarly gives rise to the inverse (w.r.t. composition of Hecke 
bimodules) element e 'H'-^'^'^^'^^'^^\D , H) . We have algebra morphisms n^'^{D,H) 
n'-^^^^{D,H) induced by X ^^ x°''^'^-^ := (idj, (gA^ (g idff)(X) (0 is the index of D) and 
similarly morphisms H^^{D,H) -> H'^^^^\D,H), X ^ X°'^'^^, V}'^{D,H) V}{D,H), 
X ^ XO'I'® and XO"'''!, etc. If moreover H is quasitriangular, then Rh S 'H'^^^'^\D,H), 
^ 'H^^-^^(D,H), so in that case U„(zs„7i'^°'''^'"°^o- ^ S,, is surjective, and we have a 
morphism B„ U^es„7^'"«''^('"<' V such that the composition B„ U„^s„n'"°'''^'"°'>a -> Sn 
is the canonical projection. 

Definition 5.6. If H is a QTQBA, an elliptic structure on H is a triple {D,A,B), where 
D is an algebra with unit, equipped with an algebra morphism a : H ^ D, and A,Bg 
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n^^{D,H) are invertible such that AO-I'® = A'^''^'^ = SO-i'® = SO'^-i = 1h, 

^0,12,3 ^ i?V($2,l,3)-1^0,2,13$2,l,3^1,2(^l,2,3)-1^0,l,23^1,2,3^ (^^^ 
^0,12,3 ^ (i?^2^-l(cl>|1^3)-1^0,2a3$2,1.3(^2,l^-l(^l,2,3)-1^0,1.23^1,2,3 (42) 

and 

= ((i?]^2)-l($^l'^)-lB0'2.13$^l,3(^2,l)-l^ ^0,12,3) ^ ($^2,3)-1^3,2^2,3^1,2,3 

(identities in n^^'^"'^{D,H)). 

The pair of identities (41), (42) is equivalent to 

i?^^A0'2.1i?^2^0,l,2 ^ 1^ i?^12^0.3,12$3,l,2^2,31^0,2,31^2,3,l^l,23^0,l,23^1,2,3 ^ 

and 

(i?]^')-lS0'2.1(ii^l)-lB0'l'2 = 1, (iJ-l)12,350,3,12$3,l,2^^-1^31,250,2,31$2,3,l(^-l)23,lB0,l,23^1,2,3 

SO the invertibility conditions on A,B follow from (41), (42). 

If F G invertible with {eh ® \<1h){F) = {idR 'E)Sh){F) = Ih, then the twist of 

by F is the quasi-Hopf algebra with product itih, coproduct Ah{x) = FAh{x)F~^ , 
i?-matrix Rh = F^-^RhF-^ and associator = F2'='i^i'23^^^^i,2^i2,3)-i_ if a : H ^ D 
is an algebra morphism, it can be viewed as a morphism D, and we have an algebra 

isomorphism n^^^^^iD,H) ^ H^^^^^ {D , ^H) , induced by X ^ j^i,2^o,i2j^(^i,2^o,i2)-i 
(more generally, we have an isomorphism of the systems of bimodules 7^"''"' (£), H) — > 
H^'^^'iD/H) induced by X F^XF~} for suitable F^). 

If {D, A, B) is an elliptic structure on H , then an elliptic structure is (-D, A, B), where 

i = Fl,2j^0,12^(jj.l,2^0,12)-l ^ ^ pl,2p0,12g(^pl,2p0,12yl_ 

An elliptic structure {D, A, B) over H gives rise to a unique group morphism 
such that 

(<i>™---^-^^'^'^+^)"'i?i^+^(*,z+i)$«(^^)^)---^-^)'^^^^^ 

^. ^ $-1.^0,(((12)3)...^-l),(^...(n-l,n))^^^.^ ^. ^ ^^1^^0,(((12)3)...^-l),(^...(n-l,n))$^_ 

where 

. _ ^((12)...i-l),i,(j+l(...(n-l,n))) ^((12)...n-2),n-l,n. 

here we have for example x^^^^^'^'' = {Ah ® idn) o Ah{x) for x e H. 

If is a Lie algebra and tg G S^{q)^ is nondegenerate, then H = U{Q)[[h]] is a QTQBA, 
with niH, Ah are the undeformed product and coproduct, Rh = e^*»/^ and ^h = ^{htl'"^ ,htg'^), 
where $ is an 1-associator. The results of next Section then imply that (D, A, B) is an el- 
liptic structure over H, where D = -D(fl)[[/i]] (-D(fl) is the algebra of algebraic differential 
operators on g) and A,B are given by the formulas for Ax^Bx with t replaced by ht^ , x 
replaced by HY^a ^oc 0(ej, + e^), y replaced by hY^^da® (e^ + e^). 

Remark 5.7. If is a Hopf algebra, we have an isomorphism 

K^°{D,H) ~ (D(g)if®"-i)^, 
where the right side is the commutant of the diagonal map H ^ D ® H®^~^ , h ^ [a® 
id®""^)oA^'-^(/i). This map takes the class oi d®hi® . . .^K to da{SH{h^n ^))®hiSH{h^n~^^)® 
...^hn-iSnihln^) (5// istheantipodeof if). So A, 5 identify with elements ^, 6 G {D®H)" ; 
the conditions are then 

^0.12 ^ ijV_40,2^1,2_40,l^ g0,12 ^ (ij]^2^-lg0,2(^2,l)-lg0,l^ 
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{B''''^R%W''^R]f) = iiR]iY'B'''\R^/)-\A°''^) = {R%^R]i^R%^R%''R'/R'jff''^'^ 
(conditions in {D ig) H^"^)"), where the superscript xiZ"~^ B„_i xiZ"~^ is the map 
xo (8) ... (8) a;3 1-^ 5'ff(a;o) ^//(xi) (g) a;2S'_H'(a;3). 

Moreover, the morphism PB„ {W^^Y ^ (£* H^n-i^H factors through PB„ 
PB„_i xZ"-i ^ where: (a) the first morphism is induced by Z"-i >^ B^, ^ 

Z"~^ X B„_i (where B^ = B„ xs^^n-i is the group of braids leaving the last strand fixed), 
constructed as follows: we have a composition B^_,_i — > 7ri((P^)"+^ — diagonals /Sn) — > 
7ri(C" — diagonals /S*,,) = B„, where the first map is induced by C C P'^, and the middle 
map comes from the fibration C" — diagonals (P^)"+^ — diagonals P^, (zi, 
{zi, ...,Zn,oo) and {zi, Zn-i-i) — > z„+i [the second projection has a section so the map 
between tti's is an isomorphism]; viewing Z"^^ x: B'^, Z"^^ x B„_i as fundamental groups 
of configuration spaces of points equipped with a nonzero tangent vector, we then get the 
morphism Z""-"^ ><i B^ — > Z"~^ x B„_i (which does not restrict to a morphism B^ — > B„_i); 
(b) the second map is induced by the standard map PB„_i xZ"~^ (^fj'Sm-i^x i^fiuggfi j^y 
Rh = '''a ® ^iid the map taking the zth generator of Z"~^ to 1 (g) ... (g) uSh{u) g) ... g) 1, 
where u = Ei'S'^^X (see [Drl]). The morphism B„ Aut((W"'<')^) = Aut((Z) (g) 
^0n-i^ff-j extends the inner action of PB„ by 

^ ^ . .= 1^"— lj^0,l,...,n-2,n...2n-l^n...27i-l,n-l|0-2n— l-n 

(where the superscript means that a:og'...g'a:2n-i maps to .ToS'ff(x2n-i)g)...g)a;„_iS'/f(a;„)). 

We have then U^gs„(H""'''^('"''))^cr ~ ((£> (g ff®"-^)^)^ Xpb„ B„ (the index means that 
PB„ C B„ is identified with its image in {{D (g if®"-!)^^)^). 

Then if {A,B) is an elliptic structure over a : H ^ D, the morphism B„ — > {{D (g 
jj^n-i^x-^H xjpg^ extends to a morpliism 

B,,n^{{D(^H^^''-Y f XPB„ B„ 

via Ai ^ ^O'l -^-i, Si so,i...i-i 

This interpretation of ■W™" and of the relations between A, B can be extended to the case 
when H is a quasi-Hopf algebra. 

Remark 5.8. Let C be a rigid braided monoidal category. We define an elliptic structure on 
C as a quadruple {£, A, B, F), where f is a category, F : f ^ C is a functor, and A, B are 
functorial automorphisms of i^(?)(g?, which reduce to the identity if the second factor is the 
neutral object 1, and such that the following equalities of automorphisms of F(M)(g(XigY') 
hold (we write them omitting associativity maps, as they can be put in automatically): 

Am,X0Y = Py,xAm,yPx,y^m,x, 

Bm,x^y = Px]y^m,yPy]x^m,x, 

{Bm,X0Y, f3Y,xAM,YPx,Y) = {(3y^xBm,yPx^y^ ^M,X0y) 

= P(M^X^Y)*,yPy,(M^X0Y)* ° caxiM^x^Y , 

where canx S Homc(l,X (g X*) is the canonical map and the r.h.s. of the last identity is 
viewed as an element of Endc(A^ §5 X §5 Y) using its identification with Homc(l, (M g) X (g 
Y) (g (M (g X (g F)*). An elliptic structure on a quasitriangular quasi-Hopf algebra H gives 
rise to an elliptic structure on -ff-mod. An elliptic structure over a rigid braided monoidal 
category C gives rise to representations of Bi^„ by C-automorphisms of F{M) 

6. The KZB connection as a realization of the universal KZB connection 

6.1. Realizations of ti „. Let g be a Lie algebra and tg G S'^{g)^ be nondegenerate. We 
denote by (a, b) ^—^ {a, b) the corresponding invariant pairing. 

Let D{g) be the algebra of algebraic differential operators on g. It has generators x^, da, 
a € Q, and relations: a i— > x^, ai-^ da are linear, [xojXft] = [da,db] = 0, [^o,^;,] = {a,b). 
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There is a unique Lie algebra morphism g D{q), ai-^ Xa, where Xa := J2a ^[a-e^] , 
and tg = ea'E)ea (it is the infinitesimal of the adjoint action). We also have a Lie algebra 
morphism g ^ A„ := D{q) ® ?7(0)®", a ^ := Xa 1 + 1 <S) (ELi a^*')- We denote by 
gdiag ^j^g image of this morphism. We denote by Hnis) the Hecke algebra of {An,Q'^^'^^). It is 
defined as the quotient {x G A„|Va G g.YaX € AnQ'^^'^^} /AnQ'^^^^ . We have a natural action 
of Sn on An, which induces an action of Sn on H„(g). 

If {Vi)i=i^,,, are g-modules, then (^(g) (g) is a module over W„(0). If moreover 

Vi = ... = V^, this is a module over Hn(g) x fS^. 

Proposition 6.1. There is a unique Lie algebra morphism pg : ti,„ — » 7in(g), ajj i— > 

Proof. The images of all the generators of ti,„ are contained in the commutant of g'^'^'s 
in An, therefore also in its normalizer. According to Lemma 2.1, we will use the following 

presentation of ti^n. Generators are Sj, y^, tjj, relations are [xi,^] = [yi,yj] =0, =iij 
(« 7^ j), Uj = iji, Xli Si = Y^iyi = 0, [xi, tjk] = [[ji, ijk] = {i, j, k_ distinct). _ 

The relations [xi,Xj\ = [yi,yj\ = 0, [xi,yj\ = (i ^ j), = tji and [Si,ijfc] = [yi^tjk] = 
are obviously preserved. Let us check that Xi = 5i = are preserved. 

We have 

I^Pfl(Si) =I3x„®(^e«) = ^(x„®l)(y„-X„® 1) 

i cx i cx 

a a,/3 

since commutes with x^g^^^p] and X^^C/j (S) 6/3 = is invariant. We also have 

J2 psivi) = - E ^« ® (E ^«^) = - ® - x„ ® 1) = 5^ ® 1 

a,/3 a,/3 a,/3 

since <g is invariant and (— ,— ) is symmetric, we have J2ai^a, [ea,e/3]) = for any /?, and 
since [de^ , 5e^] = 0, we have J2cx,0 ^[e„,e;3] ^e^^e^s > so X^i Pe(yi) = 0- ^ 

6.2. Realizations of ti_„ x 5. Let (g, ig) be as in Subsection 6.1. We keep the same nota- 
tions. 

Proposition 6.2. The Lie algebra morphism pg : ti,n Wn(g) of Proposition 6.1 extends 
to a Lie algebra morphism \i,n x 7i„(g), defined by Aq i-^ ~5(X^a^a) ® ^: ^ ^ 

KEaX^)<8)l, ^(Ea^a^a +'9aXa) O 1, and 

1 " 

<^2m ^ 2 X] •••XQ,2^(g)(^(ad(eaJ---ad(ea2^)(ea)-eQ;)^'^) 

ai,... ,a2Tn5CK i— 1 

/or m > 1. This morphism further extends to a morphism C/(ti,„ x O) x S'n ^ Wn(s) x Sn 
by a ^ (J. 



Proof. We have 



\Ps{^2m),P5{xi)] = \ X! •••x„2^x^(g)[e^,ad(eaj---ad(ea2„)(e„)ea] 



2 

ai ,a2m iCK)/? 



^ 2m 

- ^ •••Xa2^x/5(g)^(ad(eaj---ad([e/3,eaj)---ad(ea2^)(ea)ea)^''' = 
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the second equality follows from the invariance of tg, and the last equality follows from the 
fact that the first factor is symmetric in (f3, an) while the second is antisymmetric in (/3, ai). 

Pg preserves the relation [62m, Uj] = [^ij, ad(xi)^'"(fy )], because PBiS2m,+J2i<j ad(xi)^™(?ij)) 
belongs to D{g) O Im(A(") : U{g) C/(fl)®"), where A^"^ is the n-fold coproduct and U{g) 
is equipped with its standard bialgebra structure. 

Now 



[Pfl(^2m),Pfl(2/»)] = ^ X] (X^[^/3'Xai • • • x„2„] O e^'^ad(ea J • • • ad(ea2„)(ea)^^^e(i 

ai,... ,a2m,oi,l3 j 

+ • ■■Xa2,n dp ® [e/3, ad(e„i) • • • ad(ea2^)(e 

^ 2m 

+ • • • Xc,2^ d(s ® ad(eai) • • • ad([e/3, CaJ) • • • ad(ea2^)(ea)^'-'e^'^ j 



/—I ai .... ,a2Tn ,CK 



• • • Xqj • • • ^a2m ®&(^{£ai ) ' ' ' ad(ea2„)(6a)'' ''Ca^Ga;^^ • 



The term corresponding to j = i is 

2m 



o Xjjj • • • x„j • • • x„2^ (g)[ea,, ad(eQ,j) • • • ad(ea2m)(6a) ■ Co 



2 



It corresponds to the linear map S"^"^ ^(g) U{q), such that for x £ q, 



^ X X[e/3,ad(a;)J'ad(e^)ad(a;)«(ec) • 

p+Q=2m— 1 a,/3 

^ ^ X] X] ad(x)^'ad([e/3, a;])ad(x)«ad(e/3)ad(a;)''(ea) • Co 



2m- 1 
^ 2 

p+Q=2m— 1 a,/3 



2 

a,l3 p+q+r=2m—2 

+ ad(a;)^ad(e^)ad(a;)'ad([e/3,a;])ad(a;)'"(ea) • ea 

since p{tg) = (/j, : g®^ ^ fl is the Lie bracket) and tg is 0-invariant. Now this is zero since 
tg = J2j3 6/3 (81 6/3 is invariant. 

The term corresponding to j i corresponds to the map S'^"^~^{g) — > J7(fl)®", such that 
for a; e 

2m 

^2m-i ^ _i ((adx)'-i(ade^)(adx)2'"-'(e„) • e^^'^^e]^^ - (i ^ j) 



2 

;=1 a,/3 



= ^ E(-l)'+' E ((adx)'-i([e/3, ej) • (adx)2"-'(e„))<^^e(^' - - 

;=1 a,/3 
2m 

= 2 E(-1)'"'E ((^dx)'-^(e^) • (adx)2™-'(e„))(^)[e„,e;3](^'^ - (^ - j) 

;=1 a,/3 
2m 

= ^E(-l)'[E((-dx)'-^(e„))«e«,X((adx)^™-'(e/3))^^^e«], 



which coincides with the image of | X]p+q=2m-i(~l)''[(a'da;i)^(ty ), (adxi)''(ty )]. 

It is then clear that Pg preserves the commutation relations of Aq, X and d with S2m- O 
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6.3. Reductions. Assume that g is finite dimensional and we have a reductive decompo- 
sition = I) ® n, i.e., f) C is a Lie subalgebra and n C g is a vector subspace such that 
[f),n] C n; assume also that tg — tt, + 1^, where tj, G 5'^(f))'' and tn G S'^{n)'^. 

We assume that for a generic ft- G [), ad(ft)|„ G End(n) is invertible. This condition is 
equivalent to the nonvanishing of P{X) := det(ad(A^)|„) € S"*"""(()), where A i-^ is the 
map i)* i), with A^ := (A (8) id)(i(,). If G is a Lie group with Lie algebra Q, an equivalent 
condition is that a generic element of Q* is conjugate to some element in f)* (see [EE]). 

Let us set, for A € ()*, 

r(A) :=(id®(adA^)p„i)(i„), 

Then r : [}*gg A^(n) is an f)-equivariant map (here f)*gg = {A G f)*|P(A) 7^ 0}), satisfying 
the classical dynamical Yang-Baxter (CDYB) equation 

CYB(r) - Alt(dr) = 

(see [EE]). Here for r = Ea ® ^« ® ^« ^ (n®^ g;- 5•(())[l/P])^ we set CYB(r) = 

J2a,a'i[^oc,aa'] ba 'S> ba' + tta '9 [ba,aa'] (8) ba' + (8 Oa' (8 [6a, 6a']) (8 -^a^a' , dr : = 

Sa tta 6a (g) d^, where d extends 5(f)) ^ f) (g) S'(f)), a;'' fca; (g) a;'^"^ and Alt(X (g) ^) = 

(X + X2^3,i+x3.i'2)^£ 

We also set 

t^(A) := (id®(adA^)p„2)(t„). 

We write V(A) = X^a -'^a (g) La- 

Let D{t))[l/P] be the localization at P of the algebra -/^(f)) of differential operators on 
[); the latter algebra is generated hy Xh, dh, h G i), with relations h ^ ^u, h ^ dh linear, 
[xft,Xft'] = [dh,dh'] = 0, and [dh,Xh'] = {h,h'). 

Set Bn := Dit))[l/P] (g (/(g)®". For /i G t), we define := E.^ih^dh^ e D(t)), where 

~ Si/ We then set Y/j := X/^ + X]r=i '^^^ f) ^ -B„ is a Lie algebra 

morphism; we denote by f)'^'*^ j^g image. 

We denote by W„(g, f)) the Hecke algebra of B„ relative to f)'^'*^. ExpHcitly, W„(g, f)) = 
{a; e B„|V/i G f), G B„()d''^s}/B„f)d-s. 

Proposition 6.3. There is a unique Lie algebra morphism 

Pg,t) ■ tl,n Wn(g, t)), 

such that Xi ^ Y^u^v ® fti''' , - Y.u^'^® ^^^^ + Sa "^"^ ^ ' 4*''^ ■ -^^re 

KA) =Ea^a(A)(aa«)6a). 

If are g-modules, then S'(t})[l/P] (cg.,F,) is a module over £)([)) [1/P] (g ?7(0)®", 

and (5'(t))[l/P] (g ((gjVi))" is a module over -ff„(g, ()). 

Moreover, we have a restriction morphism (^(g) (0iVi))f ^ (S'(f))[l/P]0 (^Vi))''. Note 
that {S{g) (g ((giVi))^ is a ti,„-modulc using the morphism ti,„ Hnis), while (S'(t})[l/P] ;g 
i^Vi))^ is a ti,„-module using the morphism ti,„, 7Y,i(g,()). Then one checks that the 
restriction morphism (S'(g) (g ((giVi))^ ^ (5(1)) [1/P] {(E)Vi))'^ is a ti^^-modules morphism. 

Proof. The images of the above elements are all f)-invariant. To lighten the notation, we 
will imply summation over repeated indices and denote elements of P„ as follows: 9,^ (g 1 by 
a„ x, (g 1 by (A, ft.), 1 (g by x\ Then p0,f,(xi) = (A^)% pg,t,{y^) = -hlB. + r{\y' 
(here for x y G g®^, (a; y)" := x'j/'). 

We will use the same presentation of ti,„ as in Proposition 6.1. The relations [5,,%] = 
and iij = tji are obviously preserved. 

Let us check that [xi,yj] = is preserved. We have for i ^ j, [Pq f){xi), fj{yj)] = 
[x^hi, -hid, + r(A)^'=] = + [A% r{Xy^ = + = = p,^, (i,,). ' 

Let us check that Ej^j — IliVi = preserved. We have Pg,t){xi) = by the 
same argument as above and EiPfl,i)(2/i) = Ei('^^)* (by the antisymmetry of r(A)), which 
vanishes by the same argument as above. 
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Let us check that [yi,yj] = is preserved, for i ^ j. We have 
[Pfl,f)(yi),Pfl,f,(yj)] 

= ^ ( - /it(S.r(A))^*= + hiid.riX))"^ + [r{Xy^,r{Xy'^] + [r{Xy\ r(A)^'=] + [r(A)^^ r(A)^']) 

+ [{K + hi)d,.,r{Xr] - [hld,,r{Xy^ + [hid,,r{Xf] + [r{Xy^ ,r{Xf + r{Xy^] 

= J2 hl{d.r{X)r + [{K + K)d.A>^r] - [Kd..T{Xy^] + [Kd,,r{>^f\ + [r(A)^^r(A)" +r(A)^^] 

= {d,r{X)y^{-hi - hi - X.) + [{hi + hi)d., r{xy^] - hi{d.r{X)y^ + hi{dAX)f 

+ [r{Xr , r{Xf + r{Xy^] = [hi + hi, r{Xf% - {8^^ (A))X. 

+ [/it + /li, d,T{Xf\ - K{d.r{Xy)" + /ii(S.r(A))" + [r(A)'^r(A)" + v{Xy^]. 

The second equality follows from the CDYBE and the antisymmetry on r(A). Then 

[/it + /ii,r(A)'^]a, - {d^^xyx, = ([/it. + hi„T{xy^\ - oy^xyx, [h^, h^>]))d,> = o 

using the [)-invariance of r(A). Applying x^y^ x'^{yzy to the CDYB identity 

[r{Xy^ , r (A)*'=] + [r{Xy^ , riXy''] + [r (A)''= , r (A)^'=] - hld,r{Xy'' + /i^S^r (A)''= - hid,r{Xy^ = 0, 

we get 

{l/2)Y,iae'0WK,a^Y[baM' + [r(A)*^r(A)"] - hl{d.r{X)y^ + [hi,d,r{Xy^ = 0. 

Since r(A) is antisymmetric, the sum (1/2) X^^^... is symmetric in antisymmetrizing 
in we get 

K + hi, d.r{Xr] - hl{d.r{X)y^ + hi{d.r{X)f + [r{Xy\r{Xf + r{Xy^] = 0. 

All this implies that [pg,t){yi), Pg,t){yj)] =0. 

Let us check that [xi,tjk] = is preserved {i,j,k distinct). We have [pg i,(xi),pg t){tjk)] = 
[(AV)Sif] = 0. 

Let us prove that [yi,tjk] = is preserved distinct). We have [pg,t)iyi), Pgfyitjk)] = 

[-hld^+J2ir{Xy^,ti''] = [r{Xy^ + r(A)*'=, t^*"] = because tg is g-invariant. □ 

Proposition 6.4. IfVi,...,Vn are Q-modules, then {S{^yi/ P]®{®iVi)y is aii^n^^-module. 
The ii^n-Tnodule structure is induced by the morphism ti,n — > 'HniQ, f)) of Proposition 6.3, so 

Piv.mUW ® i^iVi)) = (-/i^9. + ^r(A)^^)(/(A) ® i^iVi)), 

j 

P{v,){tij){f{X) {(3iVi)) = ti^{f{X) (3 {(3iVi)), 
and the (}-module structure is given by 

Pivd^2m){f{X) ® i^iVi)) = i(^{(adA^)2'"(e„) • e„}')(/(A) ® (0^^;,)), 

i 

P(y,)(Ao)(/(A)® ((»,i;,)) 

= {-191 + i(M(r(A)),/i.)S. + {iv(A)" - i(adAV)p„i(M(r(A))„)}i2-")(/(A) ® (®,t;,)), 

PmWW ® i^iVi)) = ^{{X,h^)d^ + d^{X,h^) + (M(r(A)), A^))(/(A) (0m)), 

P(y.)(X)(/(A) (0m)) = (1/2)(A^, A^)(/(A) i^iVi)). 
Here Xn is the projection of x G g onn along f) . 
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To summarize, we have a diagram 

ti,n ^ W„(£|,f)) ^ End((5(f))[l/P]®(®iFi))'') 

c\ _ (i)T y 

As before, the restriction morphism {S{q) (g) (i^iVi))^ (g) (i^iVi))*^ extends to a 
ti,n >^ Z)-modules morphism. 

The action of ti^„ xi f factors through a morphism Pg^i, : ti,„ xi — > f)) extending 
Pg,!) : ti.ri 'M.nid, f)) (denoted by (1) in the diagram). 

Proof. Let A G t)*eg. Then if V is a g-module, we have (Og.,A «> F)« = (Oi,.,a «> F)'' 
(where Ox,x is the completed local ring of a variety X at the point x). We then have a 
morphism ti,„ xi ^ W„(0) ^ End((O0.,A <?> (•S'jVi))^) for any A e 0*, so when A e f)*eg we 
get a morphism ti,,i x 5 ^ End((0|,.^A ® (iX'jV", ))''). 

Let show that the images of the generators of ti^„ x £) under this morphism are given by 
the above formulas. 

Since the actions of Xi, tij and X on {Og*^\ ® (®il^))^ are given by multiplication by 
elements of {Og* ,\®U{q)^'^)^ , their actions on (Of)*,A ® (®i^))'' are given by multiphcation 
by restrictions of these elements to F)*. 

Let us compute the action of yi. Let /(A) G (0[,*,A(8)((8)jFi))'' andf'(A) e (Og*,A<X'((X'iFi))0 
be its equivariant extension to a formal map q* (^iVi. Then for x € n, we have (9a;A + 
X;i(adA^)-i(a;)^)(F(A))||,. = (the map x y-^ x^ is the inverse of g* ^ g, A i-^ A^). Then 

P(vMyi)ifW) = ( - Kd. + e^((ad AV)-i(e;3))-')/(A) = {-Kd, + r(A)^^)(/(A)). 

Let us now compute the action of Aq. Let Aq S f)* be such that Xq €: U and A G 0* be 
close to Aq. We set 6X :— X~ Aq. We then have A = e'*^'^(Ao + h^), where x Gn and h € t) 
are close to 0. We have the expansions 

h = (<5A)^ + l[{adX^o)\-nm)n), (SX^nU, 

x = -i^dX^,)^^'[i6X): + [i^dX};)-^\{5X):),i6Xy^] + ^[{^^ 

up to terms of order > 2; here the indices Un and itf, mean the projections of m G g to n and 
i). If now /(A) : [}* D T^(Ao, f)*) ^ (SiVi is an ()-equivariant function defined at the vicinity 
of Ao and -F'(A) : g* D y(Ao,0*) $5iVi it its g-cquivariant extension to a neighborhood of 
Ao in Q*, then F{X) = (e^)^ - "/(Ao + h), which implies the expansion 

F{X) = /(Ao) + {{SX). + l{[{a.dX^)^^\e0),e0,],h.){SXUSX)p,)dJ{Xo) + ^(5A).(5A).,a^,,/(Ao) 

+ ( - (adA;^)-/(e^)(a)0 - (adAo^)-i([(adAo^)p„i(e^),M)('^A).(5A)^ 

1 1 \ l...n ^ 

- 2(adAo^)p„i([(adAo^)p;(e^),e^,,]„)(<5A)M(5A);3. + ^(ad Ao^)p„i(e^)(ad A^)p„i(e^O('5A)/3(<5A)0.) /(Ao) 

-(adAo^)p„^(e;3)'-"(5A)^(a).a./(Ao) 

up to terms of order > 2. 
Then 

(a^F)(Ao) = (dim,) + ([(adA^)p„i(e0),e;3],/i.)5./(Ao) 

(\ l...n „ 
- (adAo^)p„i([(adAo^)p„i(e^),e;3]„) + ((ad Ao^)p„i(e^))2) /(Ao), 

which implies the formula for the action of Aq. 
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Then (S'(f))[l/P] O (OjFi))'' C IlAei,,* (^r ,A O (Oi^i))'' is preserved by the action of the 
generators of ti,„ xi 5-module, hence it is a sub-(ti,„ xi 0)-module, with action given by the 
above formulas. □ 

6.4. Realization of the universal KZB system. The realization of the flat connection 
d — -^i I t) d — A (z I r) d r on X C" ) — Diag„ is a flat connection on the trivial bundle 
with fiber {Of,^^^ O {(E)iVi))^ . 

We now compute this realization, under the assumption that f) C is a maximal abelian 
subalgebra. In this case, two simplifications occur: 

(a) (adA^)(/i,y) = since t) is abehan, 

(b) [(ad A^)|^^(e^), e/3]n = since [(ad A^)|^^(e/3), C/j] commutes with any element in [), so 
that it belongs to f). 

The image of -K',(z|r) is then the operator 

(z|r) = /its. - 5^ r(Ar^- + 5^ /c(^i,-, (ad A^) V)(4^' + 4') 

The image of 27ri A(z|r) is the operator 

27riA(^')(z|r) = i5^ + i([(adA^)-i(e^),e^],M5.-9(0,0|r)^li;^ 

i 

+ E^([^'(^*^'adA^|r)-(adA^)-2](e^))V^ + ^i5(z,,,0|rK/ii 

and the connection is now 

V(^.) = d - ^ i^p)(z|r) d^i - A(^^)(z|r) dr. 

i 

Recall that P(A) = det((ad A^)|n). We compute the conjugation pV2v(^i)p-V2^ where 
p±i/2 ^Yie operator of multiplication by (inverse branches of) P'^'^/^ on Ofjj^^ i'S'iVi)^ . 

Lemma 6.5. 5.1ogP(A) = -(/i., /x(r(A))), pi/2[/i*^a, - r(A)*»]p-i/2 = ^Id^^ P^/^[di + 
([(adA^)p„i(e^),e;3], K)d^]P-'/^ = dl + d.{{K, \n{r{X)))) - {K, ^Kr{XW. 

Proof. 9.1ogP(A) = (d/rft)|,=odet[(ad(A^+t/i,)|n)(adA^)^/] = tr[(ad /i„)|„o(ad A^)^^] = 
(e;5,(ad/i,)o (adA^)-^i(e^i)) = {[iad\'')^^\ep),eg],K) = -{h„, fj.(r{\))) . The next equality 
follows from ^(r(A))* = 2r(A)". The last equality is a direct consequence. □ 

We then get: 

Proposition 6.6. P^/'^W^^''^ P~^/'^ ^ d-Y^^ K,{z\t) d z, - A{z\t) dr , where 
27ri A(z|r) = + d.{{K, ^MKA)))) - {K, ^^(KA)))^ - ^(0, 0|r) ^ 

i 

+ E ^((5(%-,adA^|r) - (adA^)-2)(e;3))^e^^ + ^ i^l^.,, 0|r)/i>i, 

where 

9{z,0\r) = ~^z\r)-2ni^{T) 
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, , , _2 1 e{z + a\T) .9' , , , e' . 

9{z,a\r)-a = ^ ^(,|,)^(^|,) ( g + ^k) " g W) 

The term in X]j(l/2)ig is central and can be absorbed by a suitable further conjugation. 
Rescaling tg into K~^tg, where k € C^, Ki{z\T) and A(z|t) get multiplied by k. Moreover, 
we have: 

Lemma 6.7. When Q is simple and i) C Q is the Cartan suhalgehra, di,{{hv, 5M(^('^)))} = 

{K,'^^l(r{\)))\ 

Proof. Let -D(A) := naeA+('^' ''^); where A"*" is the set of positive roots of g. Then -D(A) 
is PF-antiinvariant, where W is the Weyl group. Therefore d^D{X) is also PF-antiinvariant, 
so it is divisible (as a polynomial on ()*) by all the (q, A), where a e A+, so it is divisible by 
£)(A); since d^D{X) has degree strictly lower than -D(A), we get dlD{X) = 0. 

Now if (Cq,, /q,, /Iq) is a basis of the s[2-triple associated with a, we have r(A) = X]aeA+ "(^aS 
fa-fa<^ea)/{a,X), SO i^(r(A)) = - Y.aeA+ ha/{a,X). Therefore i/x(r(A)) = -9^Iog£'(A)/i^. 
Then dlD{X) = imphes that d1 logD + {di, logZ))^ = 0, which imphes the lemma. □ 

The resulting flat connection then coincides with that of [Bel, FW]. 

7. The universal KZB connection and representations of Cherednik algebras 

7.1. The rational Cherednik algebra of type An-i- Let A; be a complex number, and 
n > 1 an integer. The rational Cherednik algebra Hnik) of type is the quotient of the 

algebra C[S'„] K C[xi, ...,x„,yi, ...,y„] by the relations 

Y^yii = 0, ^y, = 0, [xi,xj] = = [y^,yj], 

i i 



n 



5 



where Sij G 5„ is the permutation of i and j (see e.g. [EG]). 

Let e := ^ Z^(7es„ ^ ^ C[S'„] be the Young symmetrizer. The spherical subalgebra Bn{k) 
(often called the spherical Cherednik algebra) is defined to be the algebra eHn{k)e. 

We define an important element 



We recall that category O is the category of i?„(fc)-modules which are locally nilpotent under 
the action of the operators y; and decompose into a direct sum of finite dimensional gener- 
alized eigenspaces of h. Similarly, one defines category O over Bn{k) to be the category of 
B„(A;)-modules which are locally nilpotent under the action of C[yi, ...,y„]'^'' and decompose 
into a direct sum of finite dimensional generalized eigenspaces of h. 

7.2. The homorphism from ti^„ to the rational Cherednik algebra. 

Proposition 7.1. For each k.a.h e C, we have a homomorphism of Lie algebras ^a,b '■ 
ti,n — > Hn{k), defined by the formula 

Xi axj, yi 6yj, ^ ah(- - ksij 



Proof. Straightforward. □ 



'The generators X(j,9„ of Section 6.1 will be henceforth renamed qaiPa- 



UNIVERSAL KZB EQUATIONS 



51 



Remark 7.2. Obviously, a,b can be rescaled independently, by rescaling the generators Xi 
and yi of the source algebra ti,„. On the other hand, if we are only allowed to apply 
automorphisms of the target algebra Hn{k), then a,b can only be rescaled in such a way 
that the product ab is preserved. □ 

This shows that any representation V of the rational Cherednik algebra Hn{k) yields a 
family of realizations for ti,„ parametrized by 0,6 G C, and gives rise to a family of flat 
connections Vo,b over the configuration space C{Er,n). 

7.3. Monodromy representations of double afBne Hecke algebras. Let Ti.n{q,t) be 
Cherednik's double afHne Hecke algebra of type An-i. By definition, H-niq, t) is the quotient 
of the group algebra of the orbifold fundamental group Bi_„ o{C{ET,n)/Sn by the additional 
relations 

{T-q-H){T + q-H-')=0, 

where T is any element of Bi „ homotopic (as a free loop) to a small loop around the divisor 
of diagonals in the counterclockwise direction. 

Let y be a representation of Hn{k), and let Wa,b{V) be the universal connection Va,6 
evaluated in V. In some cases, for example if a, b are formal, or if V is finite dimensional, 
we can consider the monodromy of this connection, which obviously gives a representation 
oiTi.n{q,t) on V, with 

^ ^—2-jriab/n ^ ^—27rikab 

In particular, taking a = b, V = Hn{k), this monodromy representation defines an homo- 
morphism 6a ■ Hnin^t) Hn{k)[[a]], where 

^ g— 27ria^/n ^ 27rifca^ 

It is easy to check that this homomorphism becomes an isomorphism upon inverting a. The 
existence of such an isomorphism was pointed out by Cherednik (see [Ch2], end of Section 
6, and the end of [Chi]), but his proof is different. 

Example 7.3. Let k = r/n, where r is an integer relatively prime to n. In this case, it 
is known (see e.g. [BEGlJJ that the algebra Hn{k) admits an irreducible finite dimensional 
representation Y[r,ri) of dimension r"~^. By virtue of the above construction, the space 
Y{r,n) carries an action of T-lniq,t) with any nonzero q,t such that = t. This finite 
dimensional representation of Tin (q. t) is irreducible for generic q, and is called a perfect 
representation; it was first constructed in [E], p. 500, and later in [Ch2], Theorem 6.5, in a 
greater generality. 

7.4. The modular extension of ^o,5- Assume that a,b^O. 

Proposition 7.4. The homomorphism ^a,6 can be extended to the algebra U(ii^„ xV) >i S„ 
by the formulas 

^a,6(d) = h = ^ ^(xiyi + yiXi), ^a,b{X) = -^06"^ ^xf, 

i i 
i i<j 

Proof. Direct computation. □ 

Thus, the flat connections V„,;, extend to flat connections on A4i,[„]. 
This shows that the monodromy representation of the connection Va,fa(^^), when it can 
be defined, is a representation of the double affine Hecke algebra 7in{q,t) with a compatible 

action of the extended modular group SL2(Z). In particular, this is the case liV = Y{r,n). 
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Such representations of SL2(Z) were considered by Cherednik, [Ch2]. The element T of 
SL2(Z) acts in this representation by "the Gaussian", and the element S by the "Fourier- 
Cherednik transform". They are generalizations of the SL2(Z)-action on Verlinde algebras. 



8. Explicit realizations of certain highest weight representations of the 
RATIONAL Cherednik algebra of type An-i 

8.1. The representation V^v Let N he a. divisor of n, and Q = s[jv(C), G = SLjv(C). Let 

Vn = (Cfg] (E) (C^)®")8 (the divisor condition is needed for this space to be nonzero). It 
turns out that V^T has a natural structure of a representation of Hn{k) for k = N/n. 

Proposition 8.1. We have a homomorphism Cjv : Hn{N/n) —^ End(VAr), defined by the 
formulas 

Cjv(%) = Sij, CN{xi)=Xi, (j^{yi)=Yi, {i = l,...,n) 
where for f € Vjv, A G q we have 

{XJ){A) = Af{A), 
p ' 

where {bp} is an orthonormal basis of Q with respect to the trace form. 

Proof. Straightforward verification. □ 

The relationship of the representation Vn to other results in this paper is described by 
the following proposition. 

Proposition 8.2. The connection Vo,i(Vjv) corresponding to the representation Vn is the 
usual KZB connection for the n-point correlation functions on the elliptic curve for the Lie 
algebra sIn and n copies of the vector representation , at level K = —-^ — N. 

Proof. We have a sequence of maps 

U{h,n X 0) 5„ ^ Hr,{N/n) ^ Hnis) X 5„ ^ End(Viv), 

where the first map is ^a,b, the second map sends Sij to Sij, Xj to the class of <8) e^, 

and Yi to the class of J2aP°' ^ (recall that the Xa,da of Section 6.1 have been renamed 
qa,Pa), and the last map is explained in Section 6.1. The composition of the two first maps 
is then that of Proposition 6.2, and the composition of the two last maps is the map (n of 
Proposition 8.1. This implies the statement. □ 



Remark 8.3. Suppose that K is a. nonnegative integer, i.e. a = — n{k+n) ' '^here K G 
Then the connection Va,i on the infinite dimensional vector bundle with fiber Vn preserves 
a finite dimensional subbundle of conformal blocks for the WZW model at level K. Th 
subbundle gives rise to a finite dimensional monodromy representation V^ of the Cherednik 
algebra T-ln{Q,t) with 

q = givcK+Nj^f = 

(so both parameters are roots of unity). The dimension of V^ is given by the Verlinde 

formula, and it carries a compatible action of SL2(Z) to the action of the Cherednik algebra. 
Representations of this type were studied by Cherednik in [Ch2]. 



UNIVERSAL KZB EQUATIONS 



53 



8.2. The spherical part of Vjv- Note that 

n 

((E^r)/)(^) = ^(t^^')/(^)' (43) 

i=l 

{{Y.Yl)f){A)=i^-^ {ird\)f{A) (44) 

Consider the space Un = gVn = (C[g](EiS'"C^)^ as a module over the spherical subalgebra 
Bnik). It is known (see e.g. [BEG2]) that the spherical subalgebra is generated by the 
elements (X^^H^ E^^id (X^yD^- Thus formulas (43,44) determine the action of i?„(fc) on Un- 

We note that by restriction to the set () of diagonal matrices diag(Ai, A,v), and dividing 
by A"/^, where A = Wi^jiK — ^j), one identifies Un with C[f)]'^'^. Moreover, it follows from 
[EG] that formulas (43,44) can be viewed as defining an action of another spherical Cherednik 
algebra, namely BN{l/k), on C[[)]'^™. Moreover, this representation is the symmetric part 
W of the standard polynomial representation of HN{l/k), which is faithful and irreducible 
since 1/k = n/N is an integer ([GGOR]). In other words, we have the following proposition. 

Proposition 8.4. There exists a surjective homomorphism (j) : Bn{N/n) BN{n/N), such 
that (f)*W = Un- In particular, Un is an irreducible representation of Bn{N/n). 

Proposition 8.4 can be generalized as follows. Let < p < n/N be an integer. Consider 
the partition ij{p) = (n — p{N — l),p, ...,p) of n. The representation of Q attached to iJ,{p) is 

gn—pN(i2^N 

Let e(p) be a primitive idempotent of the representation of Sn attached to fJ,{p). Let 
C/P = e{p)VN = {C[q] (g) S'"-P^C^)0. Then the algebra e{p)HniN/n)e{p) acts on U^, and 
the above situation of Un is the special case p = 0. 

Proposition 8.5. There exists a surjective homomorphism (j)p : e{p) Hn{N / n)e{p) BN{n/N— 
p), such that (ppW = Uff. In particular, U^ is an irreducible representation of Bn{N/n—p). 

Proof. Similar to the proof of Proposition 8.4. □ 

Example 8.6. p = 1, n = N . In this case e{p) = e_ = ^ SaeS the antisym- 

metrizer, and the map (f)p is the shift isomorphism e_ifjv(l)e- eHN{0)e. 

8.3. Coincidence of the two SI2 actions. As before, let {hp} be an orthonormal basis of 
(under some invariant inner product). Consider the s^-triple 



H = T.^9b: + ^ (45) 



(the shifted Euler field). 



9 . 



Up 



% E=\\, (46) 



2^ ^' 2 

V 



where Ag is the Laplace operator on g. Recall also (see e.g. [BEG2]) that the rational 
Cherednik algebra contains the 5l2-triple h = i X)j(xjyi + yiXj), e = ^ y?, f = ^ x^. 

The following proposition shows that the actions of these twosl2 algebras on Vjv essentially 
coincide. 

Proposition 8.7. On Vn , one has 

h = H, e=-E, f=^F. 

n N 

Proof. The last two equations follow from formulas (43,44), and the first one follows from 
the last two by taking commutators. □ 
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8.4. The irreducibility of V/v. Let A{n,N) be the representation of the symmetric group 
Sn corresponding to the rectangular Young diagram with rows (and correspondingly n/N 
columns), i.e. to the partition -^); e.g., A(n, 1) is the trivial representation. 

For a representation tt oi Sn, let L{Tr) denote the irreducible lowest weight representation 
of Hn{k) with lowest weight tt. 

Theorem 8.8. The representation Vm is isomorphic to L{A{n, N)). 

Proof. The representation Vn is graded by the degree of polynomials, and in degree zero 
we have Vn[0] = ((C^)«^«)f' = A{n,N) by the Weyl duality 

Let us show that the module Vn is semisimple. It is sufficient to show that Vn is a unitary 
representation, i.e. admits a positive definite contravariant Hermitian form. Such a form 
can be defined by the formula 

{f,9) = {fidA),9{A))\A=o, 

where (— ,— ) is the Hermitian form on (C^)®" obtained by tensoring the standard forms 
on the factors. This form is obviously positive definite, and satisfies the contravariance 
properties: 

{Y,f,g) = -{f,X,g), {f,Yig) = -{XJ,g). 

n n 

The existence of the form (— , — ) implies the semisimplicity of Vjv. In particular, we have a 
natural inclusion L{A{n, N)) C Vn- 

Next, formula (43) implies that Vn is a torsion-free module over R C[xi, xat]"^" = 
*^Eili J 2 < p < iV]. Since Vn is semisimple, this impHes that Vn / L{A{n, N)) is torsion- 
free as well. 

On the other hand, we will now show that the quotient Vn / L{A{n, N)) is a torsion module 
over R. This will imply that the quotient is zero, as desired. 

Let vi,...,vn be the standard basis of C^, and for each sequence J = (ji,...,j„), ji € 
{1, ...,N}, let vj := (8) ... (8) Vj^. Let us say that a sequence J is balanced if it contains 
each of its members exactly n/N times. Let B be the set of balanced sequences. The set B 
has commuting left and right actions Sn and Sn, o * (ji, ■■■,jn) * r = {o'{jr{i)), f(jr(n)))- 
Let Jo = (1...1, 2...2, ...,N...N), then any J £ B has the form J = Jo * t for some t € Sn- 

Let / G Vn- Then / is a function t) — > ((C^)®")'', equivariant under the action of Sn 
(here f) C is the Cartan subalgebra, so t) = {(Ai, Xn)\ = 0}), so 

/(A) = fj^^^^'J' (47) 
JeB 

where A = (Ai, Xn), and fj are scalar functions (the summation is over B since /(A) must 
have zero weight). By the S'Ar-invariance, we have /o-*j(ct(A)) = /j(A). We then decompose 
fW = J2oeSN\B foW' '^'here /o(A) = Ejeo/^W^J- 

For each o e Sn \ B, we construct a nonzero (j)o & C[xi, ....,Xn] such that (j)o ■ /o(A) G 
L{A{n, N)). Then (j) := IloeSivVB Ilo-eSiv "^(^o) € is nonzero and such that (j) ■ /(A) e 
L{A{n,N)). 

We first construct (po when o = oq, the class of Jq. By Sjv-invariance, /oo(A) has the form 
fooW = Y fj(K{i),-;KiN))vf"J^^ (El -'Sivfl'jl^, where 5f(A, Ajv) e C[Ai, Ajv]. 

ctESn 

For (j)oo € C[xi, ...,xjv], we have 

K • /oo(A) = i'Poo9)iK{i), K{N))v®^J^^ (E> ...(Eivf^J^^. (48) 

On the other hand, let v e A{n,N); expand v = J^JeB^J'^J- checks that v can be 

chosen such that cjg ^ (one starts with a nonzero vector v' and J' € B such that the 
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coordinate of v' along J' is nonzero, and then acts on v' by an element of Sn bringing J' to 
Jo). Then since v is fl-invariant (and therefore /Sjv-invariant) , we have 

C<7(l)...o-(l)...a(Ar)...o-(JV) = CJo (49) 

for any cr G Sn ■ 

If Q e C[xi, ...,x„], then 

{Q-v){\)= c,i...,„Q(A,-,,...,A,Jt;,, ®...0^;,„ eL(A(n,Ar)). (50) 

(ji,-,jn)es 

Set Qo(Ai,...,A„) :=ni<a<6<„jo^,o(A„-A6), where Jo = {l...l,...,N...N) = (j?, j°), 

go(Ai, Ajv) := Qo(Ai...Ai, AAr...AAr), so go(Ai, Ajv) = ( ni<i<j<jv('^j ~ •^j))' ^ ■* • 
Set (l>oa{^i^ Aat) := (7o(Ai, Aat) and 

QiXi, A„) := (5o(Ai, Xn)q{Xi, X{n/N)+i, A(Ar-i)^+i). 

Then (48) and (50) coincide, as: (a) for J ^ oq, Qo{Xj^, Xj^) = so the coefficient of 
vj in both expressions is zero, (b) the coefficients of vjg in both expressions coincide, (c) 

for J e oq, the coefficients of vj coincide because of (b) and of (49). The functions (t>o are 
constructed in the same way for a general o G Sn \ B. This ends the proof of the theorem. 

□ 



Remark 8.9. Theorem 8.8 is a special case of a much more general (but much less elementary) 
Theorem 9.8, which is proved below. 

8.5. The character formula for Vn- For each partition /x of n, let V{n) be the represen- 
tation of Q, and 7r(//) the representation of Sn corresponding to /j,. 

Let Pij,{q) be the g-analogue of the weight multipficity of the zero weight in V{ii). Namely, 
we have a filtration F* on y(/i)[0] such that is the space of vectors in y(/u)[0] kified by the 
i+l-th power of the principal nilpotent element ^ of q. Then P^{q) = X]j>o dim(F-'7F-'~^)g-' . 
The coefficients of Pij,{q) are called the generalized exponents of V{ij) (see [K, He, Lul] for 
more detafis). 

We have Vn = ®/n7r(/i) (g) (C[g] (g) V{n))°. This together with Theorem 8.8 implies the 
following. 



Corollary 8.10. The character of L{A(ri,N)) is given by the formula 

(N^-l)/2 Xx(M)HP^(g) 

(l-g2)...(i_giV)' 

where w € Sn, and Xtt{ij,) the character o/7r(/i). Here the summation is over partitions jjL 
of n with at most N parts. 



T^\L(A(n,N)){w ■ q^) = g( _ _ 



Proof. The formula foUows, using Proposition 8.7, from Kostant's result ([K]) that (Cfg] ® 
y(/x))3 is a free module over C[g]3, and the fact that the Hilbert polynomial of the space of 
generators for this module is the g- weight multiplicity of the zero weight, P^{q) ([K, Lul, He]). 

□ 



Remark 8.11. It would be interesting to compare this formula with the character formula of 
[Ro] for the same module. 

9. Equivariant £)-modules and representations of the rational Cherednik 

ALGEBRA 

9.1. The category of equivariant D-modules on the nilpotent cone. The theory of 
equivariant D-modules on the nilpotent cone arose from Harish-Chandra's work on invariant 
distributions on nfipotent orbits of real groups, and was developed further in many papers. 
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see e.g. [HK, LS, L, Mi] and references therein. Let us recall some of the basics of this 
theory. 

Let G be a simply connected simple algebraic group over C, and Q its Lie algebra. Let 
Af (Z g he the nilpotent cone of g. Wc denote by ^'(fl) the category of finitely generated 
£)-modules on g, by 2?G(fl) the subcategory of G-equivariant D-modules, and by Voi-Af) the 
category of G-equivariant £>-modules which are set-theoretically supported on Af (here we 
do not make a distinction between a ZJ-module on an affine space and the space of its global 
sections). Since G acts on Af with finitely many orbits, it is well known that any object in 
T^oiAf) is regular and holonomic. 

Moreover, the category DciAf) has finitely many simple objects, and every object of this 
category has finite length (so this category is equivalent to the category of modules over a 
finite dimensional algebra). 

9.2. Simple objects in 'Da{Af). Recall (see e.g. [Mi] and references) that irreducible ob- 
jects in the category VciAf) are parametrized by pairs (0,x), where O is a nilpotent orbit 
of G in g, and x is an irreducible representation of the fundamental group 7ri(0), which is 
clearly isomorphic to the component group A{0) of the centralizer Gx of a point x € O. 
Namely, x defines a local system on O, and the simple object M{0,x.) "= T^ciAf) is the 
direct image of the Goresky-Macpherson extension of L^^ to the closure O of O, under the 
inclusion of O into g. 

9.3. Semisimplicity of VciAf). The proof of the following theorem was explained to us 
by G. Lusztig. 

Theorem 9.1. The category 'Da{Af) is semisimple. 

Proof. We may replace the category VaiAf) by the category of G-equivariant perverse 
sheaves (of complex vector spaces) on g supported on A/, Pcyvg{M), as these two categories 
are known to be equivalent. We must show that Ext^(P, Q) = for every two simple objects 
P,QePervG(Ar). 

Let P', Q' be the Fourier transforms of P, Q. Then P', Q' are character sheaves on g, and 
it suffices to show that Ext^(P',<3') = 0. 

Recall that to each character sheaf S one can naturally attach a conjugacy class of pairs 
(L, 9), where L is a Levi subgroup of G, and is a cuspidal local system on a nilpotent orbit 
for L. It is shown by arguments parallel to those in [Lu3] (which treats the more difficult case 
of character sheaves on the group) that if {Li,6i) corresponds to Si, i = 1,2, and {Li,di) is 
not conjugate to (L2, ^2) then Ext*(5i, ^2) = 0. Thus it is sufficient to assume that the pair 
(I/, 9) attached to P' and Q' is the same. 

Using standard properties of constructible sheaves (in particular, Poincare duality), we 
have 

EidUP' .Q') = HUa.RomiP'.Q')) = 

g?^""fl-Vq, HomfP'. Q'rr =g?'^''"°-Hq,(G^r (8) PM*. 

where * for sheaves denotes the Verdier duality functor. 

Recall that to each character sheaf one can attach an irreducible representation of a 
certain Weyl group, via the generalized Springer correspondence. Let R be the direct sum 
of all character sheaves corresponding to a given pair {L, 9) with multiplicities given by 
the dimensions of the corresponding representations. Then it is sufficient to show that 
i?2dimfl-l(g^ (P')* O R') = 0. 
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This fact is essentially proved in [Lu2]. Namely, it follows from the computations of [Lu2] 
that HKq, (i?')*(g)if!') is the cohomology with compact support of a certain generahzed Stein- 
berg variety with twisted coefficients, and it is shown that this cohomology is concentrated 
in even degrees.^ The theorem is proved. □ 

9.4. Monodromicity. We will need the following lemma. 

Lemma 9.2. Let Q G Vq{J^)- Then for any finite dimensional representation U of Q, the 
action of the shifted Euler operator H defined by (45) on (Q^U)^ is locally finite (so Q is a 
monodromic D -module), and has finite dimensional generalized eigenspaces. Moreover, the 
eigenvalues of H on {Q (E> U)^ are bounded from above. In particular, (Q 55 U)^ belongs to 
category O for the sl2-algebra spanned by H and the elements E,F given by (46). 

Proof. Since Q has finite length, it is sufficient to assume that Q is irreducible. We 
may further assume that Q is generated by an irreducible G-submodule V, annihilated by 
multipfication by any invariant polynomial on q of positive degree. Indeed, let Vq be an 
irreductible G-submodule of Q, let Jvo '■= {/ G C[0]s|/Vo = 0} and for any v £ Vq, let 
Jv '■= {/ € C[g]^|/u = 0}. Then if v G Vq is nonzero, J„ = Jy„ as Gv = Vq. Moreover, the 
support condition implies that Jy C m*^ for some > 0, where m = C[fl]^. So Jvo C m*^ and 
is an ideal of €[0]^. Let / S CIq]^ be such that / ^ Jvb and /m C Jvo', we set V := /Vq. 

Then Q is a quotient of the f-module Q (S) F by a G-stable submodule, where 

Q := D{g)/{D{g)ad{Ann{V))+D{g)I), 

Ann(y) is the annihilator of V in U{g), and / is the ideal in C[g] generated by invariant 
polynomials on g of positive degree. Thus, it suffices to show that the lemma holds for the 
module Q (which is only weakly G-equivariant, i.e. the group action and the Lie algebra 
action coming from differential operators do not agree, in general). 

The algebra D{q) has a grading in which dcg(g*) = —1, deg(0) = 1. This grading 
descends to a grading on Q. We will show that for each U, this grading on {Q ig) U)^ has 
finite dimensional pieces, and is bounded from above. This imphes the lemma, since the 
Euler operator preserves the grading. 

Consider the associated graded module Qo of Q under the Bernstein filtration. This is 
a bigraded module over C[fl g] (where we identify g and q* using the trace form). We 
have to show that the homogeneous subspaces of (Qo (Si U)^ under the grading defined by 
deg(fl ® 0) = —1, deg(0 ® fl) = 1 are finite dimensional. 

The associated graded of the ideal Ann(y) C U{q) is such that C[g]\ C grAnn(F) C C[g] + 
for some A; > 1, therefore 

Qo = c[fl e &]/J, 

where J is a (not necessarily radical) ideal whose zero set is the variety Z of pairs (w, v) € 
Af X g such that [u, v] = 0. Let 

Q'o = C[g(Bg]/Vj. 

Because of the Hilbert basis theorem, it suffices to prove that the homogeneous subspaces of 
(Qo 5? U)^ are finite dimensional, and the degree is bounded above. But Q'q is the algebra of 
regular functions on Z. By the result of [J], one has C[Z]0 = C[fl]8, the algebra of invariant 
polynomials of Y. But it follows from the Hilbert 's theorem on invariants that every isotypic 
component of C[Z] is a finitely generated module over Cf.E]". This implies the result. □ 



More precisely, in the arguments of [Lu2] the vanishing of odd cohomology is proved for G-equivariant 
cohomology with compact supports, and in the non-equivariant case one should use parallel arguments, 
rather than exactly the same arguments. 
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9.5. Characters. Lemma 9.2 allows one to define the character of an object M G 'DQ[J\f). 
Namely, let /x = (/xi, /ijv) be a dominant integral weight for g, and V{^) the irreducible 
representation of Q with highest weight ji. Let Km{i^) = {M (g) y(/Lt))s. Then the character 
of M is defined by the formula 

C]iM{t,g) = TT\Mi9t-") = J2^\KM(^^)(t-")xM^ 9^G, 

A* 

where Xt^ denotes the character of ^. It can be viewed as a Hnear functional from C[G]*-^ to 
F ~ ®ij^ct^<C[\t\], via the integration pairing. 

In other words, the multiplicity spaces Km{h) are representations from category O of the 
Lie algebra 5(2 spanned by E, F, H, and the character of M carries the information about 
the characters of these representations. 

The problem of computing characters of simple objects in VaiJ^) is interesting and, to 
our knowledge, open. Below we will show how these characters for G = SLAr(C) can be 
expressed via characters of irreducible representations of the rational Cherednik algebra. 

Example 9.3. Recall (see e.g. [Mi]) that an object M G 'Dg{M) is cuspidal iff J^{M) € 
VciM), where T is the Fourier transform (Lusztig's criterion). If follows that in the case 
of cuspidal objects M, the spaces KmIji) are also in the category O for the opposite Borel 
subalgebra of SI2, hence are finite dimensional representations 0/5(2, and, in particular, their 
dimensions are of interest. 

9.6. The functors Fn, F*. The representation Vjv is a special case of representations of 

the rational Cherednik algebra which can be constructed via a functor similar to the one 
defined in [GGl]. Namely, the construction of Vn can be generaHzed as follows. 

Let n and N be positive integers (we no longer assume that N is a. divisor of n), and 
k = N/n. Wc again consider the special case G = SLjv(C), g = 5ljv(C). Then we have a 
functor Fn : 'D{q) i?„(fc)-mod defined by the formula 

F^M) = (M(g (C^)^")s, 

where Q acts on M by adjoint vector fields. The action of Hn{k) on Fn{M) is defined by the 
same formulas as in Proposition 8.1, and Proposition 8.7 remains valid. 

Note that Fn{M) = FniMnn), where Mii,, is the set of g-finitc vectors in M. Clearly Mfin 
is a G-equivariant D-module. Thus, it is sufficient to consider the restriction of Fn to the 
subcategory Voig), which we will do from now on. 

In general, Fn{M) does not belong to category O. However, we have the following lemma. 

Lemma 9.4. // the Fourier transform T{M) of M is set-theoretically supported on the 
nilpotent cone N of q, then Fn{M) belongs to the category O. 

Proof. Since T{M) is supported on Af, invariant polynomials on g act locally nilpotcntly 
on J-{M). Hence invariant difTcrcntial operators on g with constant coefficients act locally 
nilpotently on M. Thus, it follows from formula (44) that the algebra C[yi, ...,y„]'^" acts lo- 
cally nilpotently on _F„(M). Also, by Lemma 9.2, the operator h acts with finite dimensional 
generaHzed eigenspaces on F„(M). This implies the statement. □ 

Thus we obtain an exact functor F* = FnO T : Vg{M) 0{Hn{k)). 

9.7. The symmetric part of Fn- Consider the symmetric part eFn{M) of F„(M). We 
have eFn{M) — (M (g) 5"C^)^, and we have an action of the spherical subalgebra Bn{k) on 
eFn{M), given by formulas (43,44). 

This allows us to relate the functor F„ with the functor defined in [GGl]. Namely, recall 
from [GGl] that for any c e Z, one may define the category T>c{q x p^-i) of coherent D- 
modules on g x p^-i which are twisted by the c-th power of the tautological line bundle on 
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the second factor (this makes sense for all complex c even though the c-th power is defined 
only for integer c). Then the paper [GGl]^ defines a functor 

H : Ve{Q X P^-^) ^ Bn{c/N) -mod, 

given by jo(Af) = MS. 

Proposition 9.5. (i) Ifn is divisible by N then one has a functorial isomorphism eFn{M) ~ 
4>*m{M O ^"C^), where 5"C^ is regarded as a twisted D-module on P^"^ (with c = n). 

(a) For any n, the actions of Bn{N/n) and Bi<^{n/N) on the space eFn{M) = H(M (g) 
S'^C^) have the same image in the algebra of endomorphisms of this space. 

Proof. This follows from the definition of HI and formulas (43,44). □ 

Corollary 9.6. The functor eF* on the category VciJ^f) maps irreducible objects into irre- 
ducible ones. 

Proof. This follows from Proposition 9.5, (ii) and Proposition 7.4.3 of [GGl], which states 
that the functor HI maps irreducible objects to irreducible ones. □ 

Formulas 43,44 can also be used to study the support of F*{M) for M e VciAf), as a 
C[xi, ...,x„]-modulc. Namely, we have the following proposition. 

Proposition 9.7. Let q = GCD(n, N) be the greatest common divisor of n and N. Then 
the support S of F*{M) is contained in the union of the Sn-translates of the subspace Eq of 
C" defined by the equations Y^^-i Xi = and Xi = Xj if ^{l — + 1 < i, j < ^ /'"^ some 
l<l<q. 

Proof. It follows from equation (44) that for any (xi, a;„) € S there exists a point 
{zi,...,zn) G such that one has 

n N 
i=l j = l 

for all positive integer p. In particular, writing generating functions, we find that 

1 tXi 1 tZ'i 

1=1 J = l 

In particular, every fraction occurs on both sides at least LCM{n, N) times, and hence the 
numbers Xi fall into n/q-tup\es of equal numbers (and the numbers zj into A''/g'-tuples of 
equal numbers). The proposition is proved. □ 

9.8. Irreducible equivariant _D-modules on the nilpotent cone for G = SLAr(C). 
Nilpotent orbits for SLAf(C) are labelled by Young diagrams, or partitions. Namely, if 
X e s[jv(C) is a nilpotent element, then we let fii be the sizes of its Jordan blocks enumerated 
in the decreasing order. The partition fi = (/ii, /!,„) and the corresponding Young diagram 
whose rows have lengths /Xi are attached to x. If O is the orbit of x then we will denote fx 
by ju(0). For instance, if O = {0} then n = (1^) and if O is the open orbit then /x = (N). 

It is known (and easy to show) that the group A{0) is naturally isomorphic to Z/dZ, where 
d is the greatest common divisor of the /Xj. Namely, let Z = Z/iVZ be the center of G (we 
identify Z/NZ with Z by p ^ e^'^^P/^Id). Then we have a natural surjective homomorphism 
: Z ^ A{0) induced by the inclusion Z ^ Gx, x G O. This homomorphism sends d to 0, 
and thus A{0) gets identified with Z/dZ. 

Thus, any character x : A{0) C* is defined by the formula xip) = e"^'^'^*/'*, where 
< s < d. We will denote this character by Xs- 



'^There seems to be a misprint in [GGl]: in the definition of H, c should be replaced by c/N. 
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9.9. The action of F* on irreducible objects. Obviously, the center Z oi G acts on 
F*{M) hy 2-sAf/d_ Thus, a necessary condition for F*(M{p,Xs)) to be nonzero is 

n = iv(p+^), (51) 

where p is a nonncgativc integer. 

Our main result in this section is the following theorem. 

Theorem 9.8. The functor F^ maps irreducible objects into irreducible ones or zero. Specif- 
ically, if condition (51) holds, then we have 

F:{M{0,Xs)) = L{n{ni^{0)/N)), 

the irreducible representation of Hn{k) whose lowest weight is the representation of Sn cor- 
responding to the pai'tition nfj,{0)/N. 

Remark 9.9. Here if /i is a partition and c G Q is a rational number, then we denote by c/z 
the partition whose parts are c/Xj, provided that these numbers are ah integers. In our case, 
this integrality condition holds since all parts of /x(0) are divisible by d. □ 

Corollary 9.10. Let X be a partition of n into at most N parts. Let M = M{0^,Xs), o^nd 
assume that condition (51) is satisfied. Then 

(M ® V{\)f = Homs„ (7r(A), L{n{niJ./N))) 

as graded vector spaces. 

This corollary allows us to express the characters of the irreducible D-modules M(0,x) 
in terms of characters of certain special lowest weight irreducible representations of Hn{k). 
Wc note that characters of lowest weight irreducible representations of rational Cherednik 
algebras of type A have been computed by Rouquier, [Ro]. 

Remark 9.11. Note that Theorem 8.8 is the special case of Theorem 9.8 for O = {0}. 

9.10. Proof of Theorem 9.8. Our proof of Theorem 9.8 is based on the following result 
(see [GS] for c not a half- integer, and [BE] in general). 

Theorem 9.12. Let k > 0. Then the functor V ^—^ eV is an equivalence of categories 
between Hn{k) -modules and Bn{k) -modules. 

Theorem 9.12 implies the first statement of the theorem, i.e. that if (51) holds then 
F*{M{0^,Xs)) is irreducible. Indeed, it follows from Corollary 9.6 that eF*(M(0^, Xs)) is 
irreducible over B„(fc). Thus, it remains to find the lowest weight of F*{M{Oi^, Xs))- 

Let iJ. = (/zi, ....jin) be a partition of N [jii > 0). Let O/^ be the nilpotent orbit of Q 
corresponding to the partition jj,. Denote by d the greatest common divisor of /Xi, and by m 
a divisor of d. Define the following function / on Of^ with values in (^^^iS^'C^ : 

N iii-l 

/(x,6,...,?iv) = A A ^i^'' 

i=l j=0 

e (C^)* (here e Mn{C) is the jth power of X, so £,iX^ € C^). 

Lemma 9.13. (i) For any X G O^, f{X, . . .)^/"* is a polynomial in ^i, ...,^n- Thus, /^Z™ 

is a regular function on the universal cover of with values in i^fL^S^^^'^C^ . 

(a) For any X € O^, the function f{X,...y^"^ generates a copy of the representation 
V{n/m) inside ®f^^Si^'/"'C^ . 

(Hi) Specifically, let the standard basis ui, .... un of (C^)* be filled into the squares of the 
Young diagram of jj. (filling the first column top to bottom, then the second one, etc.), and let 
X be the matrix J acting by the horizontal shift to the right on this basis. Then f{J,... )^/'" 
is a highest weight vector of the representation V{iJ,/m). 
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Proof. It is sufficient to prove (iii). Let /i* = (/U^, be the conjugate partition. Let 

Pj be the number of times the part j occurs in this partition. Clearly, Pj is divisible by m. 
By looking at the matrix whose determinant is /, we see that we have, up to sign: 

j 

where Aj is the left upper j-by-j minor of the matrix (^i, ...,^jv)- Thus /i/™ = J|^. /^p^/™ jg 
clearly a highest weight vector of weight ^jPj'!^j/'m,, where zcj are the fundamental weights. 
But J2Pj'^j = Ml so we are done. □ 

Corollary 9.14. The function f gives rise to a G-equivariant regular map f : Of^ V(p/d), 
whose image is the orbit of the highest weight vector. In particular, we have a G-equivariant 
inclusion of commutative algebras 

f* ■.®e>oV{lti/d)* ^C[d^,]. 

Now let < s < — 1, and denote by C[0^]s the subspace of C[0^], on which central 
elements z G G act by 2: z~'^ . Then we have an inclusion 

r : (Bt.d-Hi-s)ezV{£^^/dy ^ C[0^],. 

Now recall that by construction, C[0^]s sits inside M — M{0^, Xs) as a C[0^]-submodule. 
In particular, the operators Xi act on the space (C[0^]s (g) (C^)®")^. 

Let 7r(/i) be the representation of Sn corresponding to /i, and regard V{X) (S)7r(A), for any 
partition A of n, as a subspace of (C^)®" using the Weyl duality. Then for any u G 7r(n/i/iV), 
we can define the element a{u) S F*{M) by a{u) = fn®u, where /* S C[0^]s ® Vinji/N) 
is the homogeneous part of /* of degree n. 

Lemma 9.15. a{u) is annihilated by the elements yi of Hn{k). 

Proof. We need to show that the operators Xi (or, equivalently, the elements Xj e Hn{k)) 
annihilate a{u) G Fn{M). Since a{u) is G-invariant, it is sufficient to prove the statement 
at the point X = J. This boils down to showing that for any j not exceeding the number 
of parts of fj, (i.e. j < ^*), the application of J in any component annihilates the element 
Aj(6, ••■,^iv) e A-'C^ C (C^)®-'. This is clear, since the first columns of J are zero. □ 

This implies that the lowest weight of i^*(M(0^, Xs)) is 7r{niJ,/N), as desired. The theorem 
is proved. 

Remark 9.16. Here is another, short proof of Theorem 9.8 for n = N. We have 

e_n(M(0,l))=.F(M(0,l))^. 

According to [L, LS], 

.f(M(0,l)f = (C[[)]®^(M(0))f" 
as a module over i:»(())'^ = e_i7Ar(l)e_. Thus, e_F^(M(0,l)) = e_L(7r(/i(0))) as e_7JAr(l)e_- 
modules. But the functor V e-V is an equivalence of categories ifAr(l)-mod e_i?Ar(l)e_- 
mod (see [BEG2]). Thus, F;,{M{0,1)) = L{'k{ii{0))) as ifiv(l)-modules, as desired. 

9.11. The support of L{-K{nii/N)). 

Corollary 9.17. Let ji be a partition of N such thatnjii/N are integers. Then the support 
of the representation L(Tr{n^i/N)) of Hn{N/n) as a module ODer C[xi, x„] is contained in 
the union of Sn-translates of Eg, q GCD{n,N). 

Proof. This follows from Theorem 9.8 and Proposition 9.7. □ 

We note that in the case when = (TV), Corollary 9.17 follows from Theorem 3.2 from 
[CE]. 
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9.12. The cuspidal case. An interesting special case of Theorem 9.8 is the cuspidal case. 
In this case N and n are relatively prime, d = N (i.e., O is the open orbit), and s is relatively 
prime to A''. 

Here is a short proof of Theorem 9.8 in the cuspidal case. 

Since the Fourier transform of M{0, Xs) in the cuspidal case is supported on the nilpotent 
cone, F*{M{0, Xs)) belongs not only to the category O generated by lowest weight modules, 
but also to the "dual" category O- generated by highest weight modules over Hn{k). Thus, by 
the results of [BEGl], F*{M{0, Xs)) is a multiple of the unique finite dimensional irreducible 
-Hri(fc)-module -^(C) = Y{N, n), of dimension N'"~^ . But this multiple must be a single copy 
by Corollary 9.6, so the theorem is proved. 

Theorem 9.8 implies the fohowing formula for the characters of the cuspidal .D-modules 
M{0,Xs). 

Let ^ be a dominant integral weight for g, such that the center of G acts on V{fj,) via 
z ^ = z". Let p be the half-sum of positive roots of Q. Let Kg^jj) = {M{0, Xs) ® V{p,))^ 
be the isotypic components of M{0,Xs)- 

Theorem 9.18. We have 

Tr|x,(^)(g2«) = -^T^^Mq), 

where 

fi^il) ■■= 11 r-p _ qp-r = Xvi^^){q 

l<p<r<N ^ ^ 

where Xv{n) the character ofV{^). In particular, 

dimi^«(M) = ^ n ^^^^^7^^ = ^dimy(M). 

l<p<r<JV ^ 

Proof. We extend the representation V(^) to GLjv(C) by setting z ^ for all scalar 
matrices z, so that its GLAr(C)-highest weight is 

jl := {m + n/N, jjLN + n/N). 

Note that we automatically have + n/N G Z. Assume that n is so big that /i is a partition 
of n (i.e., iii + n/N> 0). 

It follows from the results of [BEGl] that the character of the irreducible representation 
L(C) of the rational Cherednik algebra Hn{k), k ~ N/n, is given by the formula 

where the determinants are taken in C". 

Let us equip with the structure of an irreducible representation of with basis e, /, h. 
Let g e Sn- Then 

Tr|Homs„(7r(/i), (€«)■»")('?'') = Tr|y(,,) (f?^'') = (f),{q). 
by the Weyl character formula. On the other hand, it is easy to show that 

Tr|(c.)«n(5g )- det(g-i-gff) " 

Thus, 

Tr|Homs„(^(A),i(C))(9^'') = _^^-ArTr|Homs„(7r(/i),(C")®")(9'') 

- Ml)- 



UNIVERSAL KZB EQUATIONS 



63 



By Theorem 9.8 and Weyl duahty, this impHes that 

Tr|(M(o,x.)®y(/x))«(g^^) = -^rz^^v>M' 

as desired. □ 

Example 9.19. Let N = 2, s = 1. In this case Theorem 9.18 gives us the following 
decomposition of M{0, Xs) • 

M{0,Xs) = ®j>iNj O V2j-i, 

where Vj is the irreducible representation of sl2 of dimension j + 1, and the spaces Nj satisfy 
the equation 

Tr,,,(,-) = 4^. 

This shows that Nj = V}_i as a representation of the sl2-subalgebra spanned by E,F,H, 

which commutes with g. 

9.13. The case of general orbits. Let W = Sn the Weyl group of G, A G i)/W, and JV\ 
be the closure in g of the adjoint orbit of a regular element of g whose semisimple part is A. 
Denote by Vq{M\) the category of G-equivariant D-modules on G which are concentrated 
on N\. We also let 0\ be the category of finitely generated i/„(fc)-modules in which the 
subalgebra C[yi, y„]'^" acts through the character A. Then one can show, similarly to 
the above, that the functor F* restricts to a functor F* : Vg{N\) — > 0\. The functor 
considered above is F*^ q. Wc plan to study the functor F^ ^ for general A in a future work. 

9.14. The trigonometric case. Our results about rational Cherednik algebras can be ex- 
tended to the trigonometric case. For this purpose, D-modules on the Lie algebra Q should 
be replaced with D-modules on the group G. Let us describe this generalization. 

First, let us introduce some notation. As above, we let G = SLAr(C). For 6 e fl, let Lf, be 
the right invariant vector field on G equal to b at the identity element; that is, Lb generates 
the group of left translations by e***. As before, we let k = N/n. 

Now let M be a D- module on G. Similarly to the above, we define Fn{M) to be the space 

Fn{M) = {M(g){C^)®"f, 

where G acts on itself by conjugation. 

Consider the operators Xi,Yi, i = 1, ...,n, on F„{M), defined by the formulas similar to 
the rational case: 

3,1 P 

where Aji is the jl-th matrix element of ^ G G regarded as the multiplication operator in 
M by a regular function on G. 

Proposition 9.20. The operators Xi,Yi satisfy the following relations: 

i i i<j 

[X,,X,] = 0, [Y,Y,] = ks,, (Y - Yj), 
[Y„Xj] = (^ksij-^^Xj, 
where denote distinct indices. 

Proof. Straightforward computation. □ 

Corollary 9.21. The operators Yi = Yi + k^j^^ Sij pairwise commute. 
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The relations of Proposition 9.20 are nothing but the defining relations of the degenerate 
double affine Hecke algebra of type An-i, which we will denote H^{k) (where "tr" stands for 
trigonometric, to illustrate the fact that this algebra is a trigonometric deformation of the 
rational Cherednik algebra iJ„(fc)). Thus we have defined an exact functor f„ : X'(G) ^■ 
H^{k)-mod. As before, it is sufficient to consider the restriction of this functor to the 
category of equivariant finitely generated £>- modules, VciG). 

This allows us to generalize much of our story for rational Cherednik algebras to the 
trigonometric case. In particular, let U be the unipotent variety on G, and Vcipl) be the 
category of finitely generated G-equivariant Z)-modules on G concentrated on lA. If we 
restrict the functor F„ to this category, we get a situation identical to that in the rational 
case. Indeed, one can show that for any M in this category, F„(M) belongs to the category 
O^Z of finitely generated modules over H^{k) which are locally unipotent with respect to the 
action oiXi. The latter category is equivalent to the category ©_ over the rational Cherednik 
algebra Hn{k), because the completion of H^{k) with respect to the ideal generated by Xj — 1 
is isomorphic to the completion of Hn{k) with respect to the ideal generated by Xj. On the 
other hand, the exponential map identifies the categories 'Dq{U) and VaiAf). It is clear 
that after we make these two identifications, the functor F„ becomes the functor F„ in the 
rational case that we considered above. 

On the other hand, because of the absence of Fourier transform on the group (as opposed 
to Lie algebra), the trigonometric story is richer than the rational one. Namely, we can 
consider another subcategory of VciG), the category of character sheaves. By definition, 
a character sheaf on G is an object M in VciG) which is locally finite with respect to the 
action of the algebra of biinvariant differential operators, U{q)'^ . This category is denoted 
by Char(G). It is known that one has a decomposition 

Char(G) = ^xer-^ /wG'h.BXx{G), 

where is dual torus, and C)iax\{G) the category of those M G VciG) for which the 
generalized eigenvalues of U{q)'^ (which we identify with U{1))^ via the Harish-Chandra 
homomorphism) project to A under the natural projection [)* . 

On the other hand, one can define the category Bjepy -dni^n i^)) of modules over H!^{k) 
on which the commuting elements Yi act in a locally finite manner. We have a similar 
decomposition 

Rep^_fi„(i7*--(fc)) = ®xeTyw'R^PY-finiH'n{k))x, 

where 'Rjepy -fini^n i^^)) >^ is the subcategory of all objects where the generahzed eigenvalues 
of Yi project to A G T"^ /W. Then one can show, similarly to the rational case, that the 
functor Fn gives rise to the functors 

Fn,x : CliarA(G) ^ RepY-finiK'{k))x 

for each A € T^/PT. The most interesting case is A = (unipotent character sheaves). We 
plan to study these functors in subsequent works. 

9.15. Relation with the Arakawa-Suzuki functor. Note that the elements Yi and Sij 
generate the degenerate affine Hecke algebra 7Y„ of Drinfcld and Lusztig (of type A„_i). To 
define the action of this algebra on Fn{M) — {M (g) (C^)'^")^ by the formula of Proposition 
9.20, we only need the action of the operators Lb, b G g in M. So M can be taken to be 
an arbitrary g-bimodule which is locally finite with respect to the diagonal action of g (in 
this case, Yi + X)i<j ^ij ^ central element which does not necessarily act by zero, so 
we get a representation of a central extension W„ of W„). In particular, we have an exact 
functor Fn : HC(0) 7i„-mod from the category of Harish-Chandra bimodulcs over g to 
the category of finite dimensional representations of the degenerate affine Hecke algebra Tin- 
This functor was essentially considered in [AS] (where it was appHed to the Harish-Chandra 
modules of the form M = Homg_ finite (-^i, M2), where Mi and M2 are modules from category 
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O over g). We note that the paper [AST] describes the extension of this construction to 
affine Lie algebras, which yields representations of degenerate double afRne Hecke algebras. 

9.16. Directions of further study. In conclusion we would like to discuss (in a fairly 
speculative manner) several directions of further study and generalizations (we note that 
these generalizations can be combined with each other). 

1. The g-case: the group G is replaced with the corresponding quantum group, D- 
modules with g-£>-modules, and degenerate double afSne Hecke algebras with the usual 
double afRnc Hecke algebras (defined by Cherednik). It is especially interesting to consider 
this generalization if g is a root of unity. 

2. The quiver case. This generalization was suggested by Ginzburg, and will be studied in 
his subsequent work with the third author. In this case, one has a finite subgroup F C SL2(C), 
and one should consider equivariant .D-modules on the representation space of the afRne 
quiver attached to T (with some orientation). Then there should exist an analog of the 
functor Fn, which takes values in the category of representations of an appropriate symplcctic 
reflection algebra for the wreath product S„ k F", [EG] (or, equivalently, the Gan-Ginzburg 
algebra, [GG2]). This generahzation should be especially nice in the case when F is a cyclic 
group, when the symplectic reflection algebra is a Cherednik algebra for a complex reflection 
group, and one has the notion of category O for it. 

3. The symmetric space case. This is the trigonometric version of the previous gen- 
eralization for r = Z/2. In this generalization one considers (monodromic) equivariant 
iP-modules on the symmetric space GLp+g(C)/(GLp x GLg)(C) (see [Gin]), and one expects 
a functor from this category to the category of representations of an appropriate degenerate 
double affine Hecke algebra of type C^C„. This functor should be related, similarly to the 
previous subsection, to an analog of the Arakawa-Suzuki functor, which would attach to 
a Harish-Chandra module for the pair (GLp_|_g(C), GLp(C) x GLg(C)), a finite dimensional 
representation of the degenerate double affine Hecke algebra of type -BC„ . 

Appendix A 

Let O be the ring C[[mi, [^i, i'„]. Define commuting derivations Di of O by 

Di{uj) = SijUi, Di{ij) = Sij (we wifl later think of £i and Di as log Ui and Ui^). 

We set 0+ := m[£i, ...,^n], where m = Ker(C[[iti, C) is the augmentation ideal. 

Let A = ®fe>o^fe be a graded ring with finite dimensional homogeneous components. 

Proposition A.l. LetXi{u\, ...,in) € ®fe>o(^fc<8)C'+) be such that Di{Xj) = Dj{Xi). Then 
there exists a unique F{ui, ....J-n) G ®fe>o(^fe ^ 0+) such that Di(F) = Xi for i = 1, ...,n. 

Let us say that f & O has radius of convergence R > if f = ^^.^ ^, >q fki,...,k„ {ui, Un)ii^ 
where each /fei,...,fe„(ui, ...,««) converges for \u\\, \un\ < -R- Then if Xi, ...,Xn have radius 
of convergence R, so does F. 

Proof. For each i, Di restricts to an endomorphism of 0+; one checks that nf^^ Kcr(D,; : 
0+) = which implies the uniqueness. To prove the existence, we work by induction. 
One proves that Dn : 0+ — > 0+ is surjective, and its kernel is m„_i[fi, ...,^„_i], where 
m„_i = Ker(C[['Ui, ...,u„_i]] C). Let G be a solution of Dn{G) = X„, then the system 
Di{F') = Xi — Di(G) {i = 1, ...,n) is compatible, which imphes Dn{X-) = 0, where X[ := 
Xi-Di{G), so X'i e ®fe>o(^feOC+ ~^'), where O^""^^ is the analogue of 0+ at order n- 1. 
Hence the system Di{F') = Xi — Di{G) (i = 1, n — 1) is compatible and we may apply to 
it the result at order n — 1 to obtain a solution F' . Then a solution of Di{F) = Xi is F' + G. 

Let D : u<C[[u]] -> u<C[[u]] be the map and let / := D''^ . The map Di : 'uC[[u]][£] ^ 
MC[[M]][i?] is bijective and its inverse is given by D^^{F{u)t°') = Y^k=oi~^)'^^(^ ~ ~ 
k + l){l''+^{F)){u)r-''. 

We have 0+ = 0("-i)(8)u„C[[w„]][4] ® tn("-i)(^C[4] (where e)("-i),m("-i) are the ana- 
logues of 0,m at order n — 1, (§ is the completed tensor product). The endomorphism Z)„ 
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preserves this decomposition and a section of -D„ is given by {id^D^ ) ® (id(g)J), where 
J e End(C[£]) is a section of d/di. 

It follows from the fact that I preserves the radius of convergence of a series that the 
same holds for the section of D„ defined above. One then follows the above construction of a 
solution X of Di{X) = Xi and uses the fact that Dj also preserves the radius of convergence 
to show by induction that X has radius R if the Xi do. □ 

Proposition A. 2. Let £„) e ©fc>o(^fe ® C+) be such that Di{Xj) — Dj{Xi) = 

[Xi, Xj]. Then there exists a unique F{ui, ...jin) € 1 + ®/c>o(^fe (^+) such that Di(F) = 
XiF for i = 1, n. If the Xi have radius R, then so does F. 

Proof. Let us prove the uniqueness. If F,F' are two solutions, then F~^F' is a constant 
(as nf^oKer(A : O ^ O) = 0), and it also belongs to 1 + ®fc>o(^fe 0+), which implies 
that F = F'. To prove the existence, one sets -F = 1 + /i + /2 + Xi — x[^^ + where 
fk, (g) 0+ and solves by induction the system Di{fk) = x^^ fk-i + ■■■ + a;^*' using 

Proposition A.l. □ 

Proposition A. 3. Let Ci{ui, ...jUn) G ®fc>o^4A u„]] (i = 1. .... n) be such thatUidm (Cj) — 

Ujduj{Ci) = [Ci.Cj] for any Assume that the series Ci have radius R. 

Then there exists a unique solution of the system UidmiX) = CiX , analytic in the do- 

main {u\\u\ < R,u ^ such that the ratio {u^" ...Un° )~ X{ui, ...,Un) (we set Cq := 

Ci{0,...,0)) has the form 1 + Z^fc>o Z^ai,...,an,i ''fe^' (^^^ second sum is fi- 

nite for any k), t-^I' - '""'* Jiag degree k, ai > 0, i G {l,...,n}, and r^'^'" '""'*(Mi, m„) = 
0(ui(logMi)"i...(logu„)''"). The same is then true of the ratio X(ui, ...,Un){ui° ...Un° )~ ; 
we write X{ui, .■■,Un) — v'^° ...Un° ■ 

Proof. Let us show the existence of X. The compatibility condition implies that [Cq, Cq] = 

0. If we set Y{ui, m„) := {u^ ° ...Un° )~ X{ui, Un), then X is a solution iff y is a solution 
of Uidu,{Y) = exp(- E;=i(logw,)C9)(Q - CP) • Y. 

Let us set Xi{ui, ...,in) ■= cxp(- ^jCj){Ct{ui, u„)-Cj(0, ...,0)), then X^{ui, ...,^„) e 

®k>oiAk <Xi We then apply Proposition A. 2 and find a solution F € 1 + ®k>oAk ® C+ 
of Di{Y) = XiY. Let Yk be the component of Y of degree k. Since Y has radius R, the 
replacement £i = \ogUi in Yfe for G {^IN-'I < R,u ^ R_} gives an analytic function 
on {u\\u\ < R,u ^ Moreover, 0+ — ••■>^'n]][^i! "-i^ra]! which gives a 

decomposition Y^ = X^i oi a„ ^'^i^ •••^"^1^01 ... a„ ("i' ^n) ^"^^ leads (after substitution 
li = logUj) to the above estimates. 

The ratio X{ui, ...,Un)iuf" ...Un" is then 1 + cxp(E^- logUj)(Y{ui, m„) — 1); the 
term of degree k has finitely many contributions to which we apply the above estimates. 

Let us prove the uniqueness of X. Any other solution has the form X = X{1 + Cfc + ...) 
where Cj € Aj, and Ck 7^ 0. Then the degree k term is transformed by the addition of Ck, 
which cannot be split as a sum of terms in the various 0(Mi(log'Ui)"^...(logu„)""). □ 
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